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A) RESEARCH
The following results have been obtained by the contractors. Since all of them are con-
cerned with the theory of - or numerical approximations in - nonlinear filtering, we first
recall briefly what the problem of nonlinear filtering is.

Let {Xt, Yt; t > 0} be a pair of stochastic processes (for the sake of simplicity of the
exposition, all the processes below will be one-dimensional) satisfying:

Xt =Xo + f(X.) ds + g(X.) dW.
(01) 

f

Yt =jh(X) ds + rVt

where {Wt, V; t > 0} are two standard Wiencr processes, which we shall mostly suppose to
be independent, and X0 is a random variable independent of {Wt, Vt; t > 0}. The process
{Xj} is unobserved. We observe {Y}, and seek to estimate X1, given the information
available at time t, i.e. given Yt = ar{Yo; 0 < s < t}.

Note that the choice of the above model means that we have choosen {Xt} to be a
continuous Markov process, and that we observe:

yt = h(Xt) + aOt

where { }, the observation noise, is a white noise. The assumption that the observation
noise is white (i.e. "b-correlated") is crucial : it is the only case which can be solved
(besides those which can be reduced to that one via appropriate transformations). The
above model is obtained by applying the transformation:

Yt = jo y, ds

The reason for this is to avoid the handling of generalized processes (white noise is
not a process in the ordinary sense). However, in the case where the observation noise {t}
and the signal {h(Xt)} are independent, the theory of nonlinear filtering has been recently
developped in the white noise setting, i.e. using {t} (and not {Yt}) as the observed
process, see Kallianpur-Karandikar [7].
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Going back to our model, the "best" estimate of any function of the unknown r.v. Xt

say O(Xt) based on Yt is the conditional mean :

and computing that quantity for "any" function reduces to computing the conditional law
of Xt given Yt. Assuming that this conditional law has a density q(t, x), it is well known

(see e.g. Pardoux [13]) that q(t, x) = (fR p(t, x) dx) 1 p(t, x) where the "unnormalized
conditional density" p(t, x) solves the following stochastic partial differential equation,
called Zakai's equation:

(0.2) dip(t, x) =L*p(t, x) dt + h(x)p(t, x) dY, t > 0

pAX) =pO(x)

where po(x) is the density of the law of X0 , and L*, the "backward generator" of Xt, is
the adgoint of the "forward generator":

12 d2  d
L g (=W + fxd

Note that at each time t, p(t, .) is a (random) function of x, i.e. a (random) element of an
infinite dimensional space. This is of course a serious problem for practical algorithms.

Let us now describe the results which we have obtained during the period covered by
the present contract.

1) A uniqueness theorem for Zakai's equation

It is of interest to give conditions under which the "unnormalized conditional density" is
the unique solution of equation (0.2), within a certain class of processes. Such a uniqueness
result is obtained by M. Chaleyat-Maurel, D. Michel, E. Pardoux [3], under the condition
that the coefficients f, g and h be bounded and smooth (they are allowed at each time t to
depend on the past of the observed process {Y.}, which is very important for applications
in stochastic control); the two Wiener processes {Wt} and {Vt} in (0.1) are allowed to be
correlated.

The uniqueness was known until now only under additional restrictions, either the
non degeneracy of L, or the independence of {Wt} and {V}. Note that in the latter case,
uniqueness is known to hold even with an unbounded observation function h.

2
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2. Non existence of a finite dimensional optimal filter

We noted above that the solution of Zakai's equation takes values in an infinite dimensional
space. It could in fact happen that the solution varies only in a finite dimensional subspace
of that infinite dimensional space.

This is indeed the case in all the situations where a finite dimensional optimal (or
"exact") filter is known to exist, i.e. in the linear case and in a few extensions of the linear
case, see Haussmarn-Pardoux [6].

It has been conjectured at the beginning of this decade, and then rigorously proved
that under some mild conditions which are satisfied in most nonlinear situations, there
is no finite dimensional equation driven by the observation such that the conditional law
would be a function of its solution.

This means essentially that the solution of Zakai's equation does not stay in any finite
dimensional space, or that its probability law fills in the function space in which it lives.
Such a property is very close to the kind of properties which can be proved for (finite
dimensional) stochastic differential equations via the Malliavin calculus.

Ocone [41 has developped a Malliavin calculus analysis of stochastic partial differen-
tial equations and applied it to nonlinear filtering. Ocone and Pardoux [5] improve the
application to nonlinear filtering, in that the criterion is much easier to check on practical
examples.

3. Time discretization of Zakai's equation
The research reported in the previous section shows that, in most cases, there is no chance
that the solution of Zakai's equation can be solved by means of a finite number of statistics
built from the observation process. Therefore, it is worth studying numerical methods
for the approximate solution of Zakai's equation, i.e. the stochastic partial differential
equation:

dpt =L'pt dt + hpt dY

po =P
Moreover, this could provide a reference method with which to compare some approximate
nonlinear filters such as those described in the next section.

Le Gland [91 has studied the problem of time-discretization. The idea is to use someJkind of Trotter product formula and then to study the rate of convergence with respect to
the time step At.
At. Let 0 = to < .-. <t < ... < t = T be a uniform partition of [0, T with time step

A first scheme is the following:

I i+l = exp(hAYi - Aht2) Fjtp,

where AYi = Yt+ - Yti is the way the observation process is used, and P~ is the semi-
group with generator L*. It is proved that :

- 1/2
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The second scheme is:

Pjj= exp(hC - Ath)ptpeph -Ath2

I
wherefi+1 (-t)dY and = -L t (tj+ - s) dY axe the way the observationwhere = ft+(-t~ In a -t f,t+ a

process is used (note thatC + C = AYi) 4At(Pxt) is a perturbation, depending on the
function h, of the semi-group P t. With a suitable choice of -t&), it is proved that:

~- ~.1/2
SE I [(x) - p(ti, x) 2 dx <CAt / 2 .

The interest of such product formulas is that the deterministic part and the stochastic
part have been decoupled. In particular, the next steps (approximation of the semi-group
Pit, and space-discretization) can be handled quite easily. Moreover, a probabilistic in-
terpretation is available for the two numerical schemes described above.

4. Nonlinear filtering with high signal-to-noise ratio

Since the optimal filter is usually infinite dimensional, it is of practical importance to
find good approximations in low dimension for certain classes of problems. One class of
this kind is the class of problems with high signal-to-noise ratio, or in other words small
observation noise, i.e. a in (0.1) is "small". More precisely, we are looking for approximate
finite dimensional filters, wich have a good behavior as a - 0.

This problem has been first considered by Katzur, Bobrovsky, Schuss [8] in the case
where h is one-to-one. In that case, the filtering problem becomes trivial as a = 0, i.e. the
process {Xt } is completely observed, and the variance of the conditional law is zero.

When a > 0 is small, one may expect that the variance of the conditional law is small.
Then, if ±t = E(Xi/Yt), Xt and ±t are close, and consequently:

f(Xt) "f(t) + f'(Xt)(Xt - ±)

gXt) _ g(Rt)
h(Xt) "h(Xt) + h'(Xt)(Xt - Xt)

But if we replace f(Xt), g(Xt) and h(X,) in (0.1) by their above approximations, we
transform (0.1) into a linear filtering problem, which has a finite dimensional solution,
namely the Kalman filter (which is the extended Kalman filter for (0.1) ).

The above considerations tend to indicate that the extended Kalman filter (or possibly
other types of approximate filters) might give good results as a is small. This has been
precisely formulated and rigorously proved by Picard [15] and then by Bensoussan [1] using
a simpler argument.

Some new results have been obtained more recently.

4
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4.a Nonlinear filtering with high signal-to-noise ratio in discrete time

Consider a discrete-time version of (0.1), i.e.

Xk+i =Xk + f(Xk) At + vlt Wk+II
(4.1)Yk hXk + ' Vk

Note that we are in the case g = 1, h linear. If we let a --* 0 while At is kept fixed, clearly
there is no reason to use a more clever filter than the very simple estimate:

Xk = h-Yk

i.e. we use only the last observation. On the other hand, if a and At tend to zero together,
and we specify a relation of the form At = o'a (a > 0), one may expect to obtain a discrete
time analog of Picard's result, i.e. one can show that the filter :

Xk+l = ±k + b(-k)At + At (Yk+l - hXk+l)
or

has a "good" behavior for a, At small.
This has been show in Milheiro [10]. This result will be very useful for numerical

implementation of Picard's filters.

4.b Piecewise linear filtering with high signal-to-noise ratio
Suppose now that again a is small, but now f and h are continuous and piecewise

linear, while g = 1. If h is one-to-one, we can apply Picard's result. But we are specifically
interested in the case where h is not one-to-one, i.e. for example

= h_x, if x <0

fh+x, ifx>0

with h+h_ < 0. Suppose for simplicity that f = 0. If h+ = -h_, clearly the conditional
law of Xt given Yt is symetric around zero and there is no way to get a really good
estimate of Xt. On the other hand, if h+ 5 -h_, for o = 0 Xt is completely observed
from {Y,, 0 < s < t} since the sign of Xt can be recovered from the quadratic variation
of Y. Therefore, one may expect that, for o small, the variance of the conditional law is
small, and that E(Xt/Yt) is well approximated by the output of the two Kalman filters
corresponding to h(x) = h+x and h(x) = hx.

Fleming, Ji, Pardoux [5) show that from the outputs of the two Kalman filters cor-
responding to h(x) = h+x and h(x) = hx, one can define a test statistics, in order to
decide the sign of Xt and consequently which of the two Kalman filters gives currently
a good estimate of Xt. Note that the fact that one of a bank of Kalman filters gives a
good estimate of Xt is true only in the case of a high signal-to-noise ratio. Without that
hypothesis, a completely different approach has to be taken, see e.g. Pardoux, Savona [14],

1
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5. Parameter estimation: The EM algorithm

We consider the following situation :

dXt =be(Xj) dt + a(Xt) dWt

dY =he(Xt) dt + dWt

with independant Wiener processes, and we assume that the law of X0 has a density pg.
The problem is to estimate the unknown parameter 0, on the basis of the observation
of {Y,). It can be shown that the likelibood function for this problem can be computed
using the solution of the corresponding Zakai equation. An alternative approach, the EM
algorithm, has been considered by Dembo-Zeitouni [41 : it is an iterative algorithm where
at each iteration, a new auxiliary function of the parameter is computed and maximized.

Campillo-Le Gland [2] have shown that the computation of this auxiliary function
invo'ves the solution of a nonlinear smoothing equation and also some recent results on
stochastic integration with anticipating integrands due among others to Nualart and Par-
doux.

Some numerical experiments have been made which show that, whenever some noise
intensities in the system are small, the EM algorithm converges very slowly. Time dis-
cretizations of the stochastic partial differential involved have been proposed.

B) TRANSFER TO US

E. Pardoux has given a series of "distinguished lectures" at the Systems Research
Center, Univ. of Maryland on the applications of the Malliavin calculus, and A. Bensoussan
on Nonlinear filtering and stochastic control with partial observation.

F. Campillo has presented the results on the EM algorithm at the IEEE CDC in Los
Angeles (December 1987).

E. Pardoux has presented some results on nonlinear filtering with high signal-to-noise
ratio at the conference in the honor of W. Fleming, at Brown University (April 1988).

6
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Abstract

Two algorithms are compared for maximizing the likelihood function associated with param-
eter estimation in partially observed diffusion processes

* the EM algorithm, investigated by Dembo and Zeitouni [2], an iterative algorithm where,
at each iteration, an auxiliary function is computed and maximized,

" the direct approach where the likelihood function itself is computed and maximized.

This yields to a comparison of nonlinear smoothing and nonlinear filtering for the computa-
tion of a class of conditional expectations related to the problem of estimation (Section 3). In
particular, it is shown that smoothing is indeed necessary for the EM algorithm approach to be
efficient.

Time-discretization schemes for the stochastic PDE's involved in the algorithms are given,
and the link with the discrete-time case (hidden Markov model) is explored.

Numerical results are presented (Section 6) with the conclusion that direct maximization
should be prefered whenever some noise covariances associated with the parameters to be esti-
mated are small.

Keywords: parameter estimation, maximum likelihood, EM algorithm, diffusion processes,
nonlinear fJitering, nonlinear smoothing, Skorokhod integral, time-discretization.
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1 Introduction: the EM algorithm

The EM algorithm is an iterative algorithm for maximizing a likelihood function, in a context
of partial information [31. Indeed, let (PO : 0 E E) be a family of mutually absolutely continuous
probability measures on a measurable space (fl, '), with Pe - R and let Y C Y be the o-algebra
containing all the available information. Then, the log-likelihood function for the estimation of
the parameter 9 can be defined as

L(O) 10 loER dRglY 1

and the MLE (maximum likelihood estimate) as

E argmaxL(O).
OEe

The EM algorithm is based on the following straightforward application of Jensen's inequality

L(0) - L(') = loge.' \--* I Y) _ E, (log I Y) = Q (,), (2)

which gives, for each value 6 of the parameter, a global minoration of the log-likelihood function
9 --- L(O) by means of an auxiliary function 6 -4 L(#') + Q(O, 6Y), with equality at 9 = 6'. The
algorithm iterations are described by the following steps

1. p = 0, initial guess 00,
2. set 0' -- P,

3. (E-step) compute Q(., 6),

4. (M-step) find 0,"+i such that Q(0p+l, 0V) _ Q(8, 6) for all 0 E e,
5. if a stopping test is satisfied,

then set final estimate 0* = 4+12
else repeat from step 2 with p = p + 1.

An interesting feature of the algorithm is that it generates a maximizing sequence {0,, p -
0,1,... } in the sense that L(0,+I) > L(,,) unless +1 = 9.. Some general convergence results
about the sequences {L(0i) : p = 0, 1,..-} and {0, : p = 0, 1,...} are proved in [13], under
mild regularity assumptions on L(.) and Q(., .) - see also [2, Theorem 2]. To prove the existence
of smooth enough - in the a.s. sense - versions of 0 '-4 L(O) and (0, W) - Q(8, 0'), as well as to
get the expression of the corresponding derivatives, one can rely e.g. on (12, Lemma 1].

To decide whether this algorithm is interesting from a computational point of view, the
following three questions should be answered

[E] how expensive is the computation of the auxiliary function Q(., 9') .
[M] how easy is the maximization of the auxiliary function Q(., 9') ?

[EM] how fast is the convergence of this sub-optimal iterative algorithm towards the
MLE.



In [2], the EM algorithm has been applied in the context of continuous-time partially ob-
served stochastic processes. In the particular case of diffusion processes, the general expression
of Q(8, 9') has been derived and said to involve a nonlinear smoothing problem. The purpose of
this work is to address the following three points

* discuss the expression in [2] giving Q(8, 0') in terms of a nonlinear smoothing problem -
this will involve generalized stochastic calculus (Skorokhod integral).

* get an equivalent expression, in terms of a nonlinear filtering problem, for Q(9, 0') and its
gradient V",0 Q(O, 6V) - it will turn out that smoothing is indeed necessary for the point
[MJ introduced above to be satisfied, although filtering is enough to compute Q(9, 9) for
a given pair (0,9').

* get similar expressions for the original log-likelihood function L(9) and its gradient VL(9).

This will allow to compare, from a computational point of view, the two possible methods for
maximum likelihood estimation

* direct maximization of the likelihood function [4],

" the EM algorithm.

In particular, the point [M] will receive a positive answer, which is indeed the main motiva-
tion for the EM algorithm. On the other hand, it will be proved that computing the auxiliary
function Q(.,9') is a more heavy task than computing the original log-likelihood function L(.).
As for the point [EM], numerical examples will show that the convergence of the EM algorithm
may be very slow. This typically occurs in those cases where, for each 9' E E the function
L(O') + Q(-, 9') is very sharp below the log-likelihood function L(.). In such cases indeed, maxi-
mizing the auxiliary function does not allow to update significantly enough the current estimate
at each M-step.

The statistical model is presented in Section 2, where expressions are given for L(d), VL(e),
Q(8, 0') and V1 .°Q(9, 0') in terms of conditional expectations. It turns out that the last three
expressions all belong to a certain class of conditional expectations. Two methods are then
proposed in Section 3 for the computation of conditional expectations in this class - one based
on nonlinear filtering, the other on nonlinear smoothing and involving generalized stochastic
calculus (Skorokhod integral). These results are applied in Section 4 to the computation of
L(8), VL(0), Q(8, 0') and V1 ,°Q(0, 0') in terms of nonlinear filtering and nonlinear smoothing
conditional densities. Section 5 is devoted to the time-discretization of the stochastic PDE's
introduced in Section 4, and the link with MLE of parameters in partially observed Markov
chains (hidden Markov models) is explored. A numerical example is presented in Section 6, and
the influence of noise covariances is investigated.

2



2 Statistical model

In this section, expressions for the log-likelihood function L(.) and the auxiliary function
Q(., .) will be derived in the following context [2, Section 3].

Suppose that on a measurable space (l,Y) are given

* a family (Po : 9 E 6) of probability measures,

* a pair of stochastic processes (Xt : t > 0) and (Yt t > 0) taking values in R m and R"

respectively,

such that under PO

dXt = bo(Xt) dt + ,(Xt) dW , Xo " p , (3)

dY = ho(X dt + dW ,

where (Wt* : t > 0) and (W, : t > 0) are independent Wiener processes, with covariance matrix
I and r respectively, and the pair is independent from the r.v. Xo.

The following hypotheses are made

(HI) o(.) is a continuous and bounded function on R ' such that a(.) o= o(.) is a
uniformly elliptic m x m matrix, i.e. a(.) >: ai,

for all 9 E E open subset of RP (the set of parameters)

(112) po(-) is a density on Rtn ,

(H3 ) b,(') is a measurable and bounded function from RI to RI,

(H4) ho(.) is a measurable and bounded function from RI to Rd,

and in addition

(H5) the probability measures on R' with densities (po(.) : 0 E 8) are mutually
absolutely continuous.

Moreover, it is assumed that po(.), bo(-) and ho(.) are continuously differentiable with respect
to the parameter 0 and that, for all 9 E 9 the derivatives Vb,(.) and Vho(.) are measurable and
bounded functions from R"' to RI and Rd respectively (throughout this paper, V will denote
the derivation with respect to the parameter 9).

The existence and uniqueness of a weak solution to the stochastic differential equation (3)
follows from hypotheses (HI - H3). If moreover hypotheses (H4 - Hs) hold, then for all T > 0,
(P : 9 E 6) when restricted to (0, T] are mutually absolutely continuous probability measures
on (f),Y) with Radon-Nikodym derivative

A, & dPO

dPo,
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P A(Xo). exp {j[b (X.) - be, (X.)] -'(X.)o(X.) dW. (4)

IT j b(-)-b..X)a(X.)fbe(X.) - be,(X.)J d5}

ex ( X.T - h.S (X.)j*r 1 dW ej

_ T [h(X.) - he(X.)].f[h(X.) - he,(Xo)] ds}

Consider also the probability measure Po defined on (f0, ,F) by

- - = exp fh;(X)r- dY -Jo h (X.)f-he (X) doj

so that, under Pt
dXt = be(Xt) dt + c(Xt) dWt, Xo -" Po(')

where (W* : t > 0) and (Yp : t > 0) are independent Wiener processes, with covariance
matrix I and r respectively, and the pair is independent from the r.v. X 0 . The Radon-Nikodym
derivative Age, can then be decomposed as

Age, =At -, with At d" dP#

It is assumed that only (Yt : 0 < t < T) is observed. Let (Yt : 0 < t < T) denote
the associated filtration. The likelihood function for the estimation of the parameter 9 can be
expressed as

( dPt ) = a

with the particular choice R = Pt (a fixed in 0) in (1). By Bayes formula

E.-(ZAAt I YT) = Est(Z I YT). Et (At I YT) = EI#(Z* I YT)

since Ate is independent of YT under Pt. This gives the following expression for the log-
likelihood function L(.)

L(O) = logEt(Z' I YT) . ()

For the auxiliary function Q(., .) defined by (2), one has immediately

Ee, Ot ,,(A z I YT) (6)

QE, Q) E ' I YT) ffi (Zr I Yr)

where

" log Ae,

4



PO T
Slog _ (Xo) + [b,(X.) - b,,(X.)ra-'(X.)o'(X.)dWf (7)

Po T

- J[b,(X.) - b,(X.)]'-(X.)[b,(X.) - be(X.) d

+ 0[ho(X) - he(X.)]' -r dw.

- T[ho(X.) - h(X.)]r-[h,(X.) - he(Xo) d.

Under additional regularity asumptious on the data pe(.), be(-) and he(.), it is easy to prove,
using results in [12], that both 9 '-4 L(G) and 9 '-- Q(6, 9') have a.s. differentiable versions, with
gradients given by

) = E I(e YT) = E(Z I- ) (8)
Et(Z I YT)

V1',oQ(8,6') = Ee, ( YT) = E01(Ze I YT)Et8 (Z I YT)

respectively, where

A V1 ,0 log Ae., = VZ'° #s '
T T/

Ao+J [Vh*(X,)r'T - dWZ- (10)

i is independent of tV.

Remark. One can check from (8) and (9) that

as expected.

In the next section, two different methods will be given - by means of stochastic PDE's
- to compute the various quantities introduced so far: L(P), VL(9), Q(, IV) and V,°Q(9, 9W).
This will make possible the numerical implementation of algorithms for the maximization of the
likelihood function.

5



3 Smoothing vs. filtering for the computation of a class of
conditional expectations

For the sake of simplicity, any reference to the parameter 9 will be dropped throughout this
section. In particular, P will denote the probability measure under which

dXt = b(X) dt + o(Xt) ,rWt , X0 ~ POO'

dYt = h(Xt) dt + dWt ,

where (Wt : 0 :5 t < T) and (Wt : 0 5 t < T) are independent Wiener processes, with
covariance matrix I and r respectively, and the pair is independent from the r.v. X 0, whereas
under P t

dXt = b(Xt) dt + o,(Xt) dWt , X0 ,- POO' ,

where (Wt : 0 < t < T) and (Y : 0 < t < T) are independent Wiener processes, with covariance
matrix I and r respectively, and the pair is independent from the r.v. X0. Therefore P = ZT Pt,
where the process (Zt : 0 <: t < T) is defined by

Z= exp f 10h(.r1d,- 1 J h*(X.)r71 h(Xa) ds}

The purpose of this section is to provide two different methods - one based on nonlinear filter-
ing, the other on nonlinear smoothing - for the computation of the following class of conditional
expectations

( T 0T  0T

A E (/(Xo) + jT f(X.) ds + jT 70(X.) M. + X*(X.)oT(X.) dW, I YT) , (11)

where I , , 17 and X are measurable and bounded functions from R' to R, R, Rd and R'
respectively. It is readily seen from (6-10) that the computation of either VL(O), Q(e, e') or
V1 ,'Q(O, G) involves such conditional expectations.

It is clear from the definition that A depends linearly on (,3, f, 71, X). It will turn out that non-
linear smoothing is the only way to make this dependence explicit, although nonlinear filtering
- which is simpler - is enough to just compute A.

Rewriting A as

A = E0(X0) I Yr)+ E(4(X.) - 17 (X.)h(X) I YT) ds + E ( T (X° Y, I YTST )
+E (fJ x(X.)o,(X.) dW. I ) T) (12)

one would like to interchange conditional expectation and stochastic integral in the third term
of (12). However, the resulting expression

E(17 (X.) I YT) dY" (13)

6I
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is not an 1t6 integral, since the integrand is obviously not adapted to the filtration (Yt 0 <t <
T), and needs to be given a rigorous meaning. Although the natural generalization of It6 integral
that allows anticipating integrands is Skorokhod integral, it will be proved in Proposition 3.3
below that the correct statement is

E (X)d YT) = E *(Xo) o dY. I YT)

E(i'(Xo) I YT) o dY 0 E(q'(X,) I YT)dYJ,

where the non-adapted stochastic integrals are respectively a generalized Stratonovitch integral
and a Skorokhod integral [6].

In addition, there seems to be no computable expression available for the last term of (12).
However, in the particular case where X derives from a scalar potential function, one has the
following

Proposition 3.1. Assume there exists a scalar function U E C2(R m) such that X = DU.
Then

E (1T x(X.)o(X.) dW, I YT) =

E(U(XT) I YT) - E(U(X) I YT) - E(£ZU(X.) I YT) ds, (14)

whose proof follows immediately from It6's lemma.

At this point, it is necessary to introduce some notations and definitions related to nonlinear
filtering and smoothing.

Notations and definitions

* Filtering

wt (resp. pt) will denote the normalized (resp. unnormalized) conditional density of the r.v. Xt
given Yt, i.e.

(irt, ) 2 E((Xt) I Yt), (Pt, ) Et(O(X,)Zt I Yt) (15)
for any test-function 0. By Bayes formula

(Pt, O)(P, 1) • 0 (16)

The equation for (pt : 0 < t < T) is Zakal equation [8]

dpt = £'Vp dt + h'*pr - 1 dYt, (17)
where V' denotes the adjoint operator of the infinitesimal generator £ of the diffusion process
(X : 0 < t < T), defined by

ij ufl Ofia., "

t7



* Smoothing (fixed-interval)

Let T > 0 denote the fixed end-time. pt (reap. qt) will denote the normalized (reap. unnor-
malized) conditional density of the r.v. Xt given YT, i.e.

(P,4') E(O(X,) I YT), (qt, ) - E t (.(Xt)ZT I YT)-

Again
(pt, ' = ) (18)

(t, 1)
Introducing the backward Zakal equation

dvt +tCvt dt + h*vtr -1 dYt = 0, VT 1, (19)

one has [8,9] that (pt, vt) is independent of t, and qt = ptv is differentiable with

4+ Pt £'t = v C*Pt. (20)

Note that
(qt,1) = (PT, 1), 0< t < T. (21)

3.1 Filtering approach

Define

, ii(Xo) + j (X.) ds + i7(X.) dW. + jx'(X)a(X.) da

so that, by Bayes formula

A =-- E('T I YT) == Et(,XTZT I[YT)
EW(T I YT)

A first method would be to compute the joint conditional law of (XT, AT) given YT, and then
integrate over the first variable to get the marginal conditional law of AT given YT. An alternative
method is to find an equation for (wt 0 < t < T) defined by

(Wt,) t Et( (X,)A>Zt I Yt).

Indeed, by It6's lemma

dI0(Xt)XtZ]= At Z, £(Xt) dt + At Zt (DO(Xt))" (Xt) dWt

+O(Xt) Zt f(X,) d + O(Xt) Z, ,*(Xt) dW, + O(Xt) Z, x(Xt) o(Xt) dWt
+O(X,) A, Z, h'(X,) r-' Y, + ,t,(xt) i'(X,) h(Xt) Z, dt
+Z, X(X,)* a(Xt) DO(X,) dt.

8



Using properties of conditional expectation given the observation o-algebra under the reference

probability measure pt, and the definition (15), gives

(Wot, ~)=(po "0) + £4(.,L) de + f (w., h*O)r- dY

+ 0(p, O)da + jo(P., 1?* ) dY. + Jo(P., J(X)O) da ,

where J(X)o A x*aD0 , so that (t : 0 < t < T) solves

dut = £*wt dt + h*wtr - 1 dY + tpt dt + i1"pt dYt + 7*(X)pt dt, Wo =0(Po • (22)

Theorem 3.2. Let (pt : 0 < t < T) and (o : 0 < t < T) be the unique solution of (17) and
(22) respectively. Then, the follovJing expression holds for A defined in (11)

A = (WT,1) (23)
(PT,1)

This expression is actually computable. Unfortunately, the linear dependence of (WT, 1) on
(fl, C, 71, X) is not made explicit, which should be the case for the point (M] introduced in the
Introduction to be satisfied. Therefore, the next step will be to make this dependence more
explicit. This will involve nonlinear smoothing and generalized stochastic calculus (Skorokhod
integral). Actually

* the stochastic integral in (13) will be given a rigorous meaning,

* the last term in (12) will also be given a computable expression, whether or not X derives
from a scalar potential function.

3.2 Smoothing approach

The idea here is to compute the stochastic differential of the scalar product (tot, vt), where
(t : 0 < t < T) is the solution of the backward Zakal equation (19). Since (22) is a forward
stochastic PDE and (19) is a backward stochastic PDE, one must use the two-sided stochastic
calculus introduced in [10,11]. This gives

d (wt, vt) = (£C't, %) dt + (h*t, t)r - ' dYt

+(tpt, vt) dt + (7/pt, vt) dY + (J(X)pt, v) dt
-(wt, LVC) dt - (wt, h*v)r - 1 dY

= (qt,)dt + (q,1*)dY +(pt,,XaDt)4.

Integrating from 0 to T gives
T T [T(WoT, 1) = (qo)(q,)d. +

J0T~qa,,,da j~qa)'d dY
Jo PD7)d,

where the stochastic integral is a two-sided stochastic integral.

Using (21) gives an expression for A in terms of normalized conditional densities

A = (Po,) + (p,,) d + A'+A".

9



* Study of A'

A'= ~ 0 (q.,,i1)dya 24
S(PT,1) (24)

One has

E(A') = Et(ZT A') = Et(Et(ZT I YT) A')

= Et ( (q. ,7*) dY.) = 0,

where the last equality follows from results on two-sided stochastic integrals. This was expected,since /)
A' = E 7( *(X.) dW. I YT)

Expressions in terms of normalized conditional densities are given by the following

Proposition 3.3. Let (Pt 0 : t <_ T) denote the normalized smooothing density. Then

A' = T(p.,7")dY. - T(p.,7")(p..h)do

= (P,?n) 0 dY- p., 7*h)do

where the non-adapted stochastic integrals are respectively a Skorokhod integral and a generalized
Stratonovitch integral [6].

PROOF. The idea is to get the denominator F _ 1/(pT, 1) inside the stochastic integral in (24).

Let first D. denote, on the probability space (1, Y., Pt), the derivative with respect to the
d-dimensional Wiener process (Y : 0 < t < T) in the direction of the vector space H1(0, T; Rd).
Since the two-sided integral is a particular case of the Skorokhod integral, it follows from [6,
Proposition 3.2] that

fT
A' = Fj (q r)dY.

= F (q, q*) dY. + (q., q') DF ds

00
= f0T (q/' *) dY--f0T (q." /*) D. (PT, 1) do

( q., ) 0(q., 1)2

where the stochastic integral is a Skorokhod integral.

For s fixed in [0,7], consider the d--dimensional random process (zt : 0 < t < T) defined byA
zt D.pt. Clearly xt =_ 0 for 0 < t < s. For i = 1, .- ,d, the process (4 : 8<t<T)isthe
unique solution of the forward stochastic PDE [7]

d = z dt + hzr -1 dYt, z' =hp.

10



Introducing the solution (t : 0 < t < T) of the backward Zakal equation (19) and using

again the two-sided stochastic calculus gives d(zt, t) = 0 for s < t < T. Therefore

(zT,) =(z.,v) = (hp.,v.) = (q,h) ,

so that

A' = T (q., 7) dY, - T (q., ' 7) (q .,h) d
0 , 1) (q., 1) (q.,1)

= 0J(p,, f)dY - T(p., q*)(poh)do

To get the second expression, consider the d-dimensional random process (ut : 0 < t _< T)

defined by ut = (pt, '7). The Skorokhod-Stratonovitch transformation for generalized stochastic
integrals gives [6, Theorem 7.31

I T U d . T [ " +D
0u T dy 8 = fTu* o dY - 1 0 (D s. + D; u) ds,

where
Dou, , D. = Dus

ii tT=1

It turns out that

(q,, 1)

D.'(qt, 77) (qt, 77) D'(qt, 1)
(qt, 1) (q,, 1)2

Next Doqt = (D.pt) vt + pt (D.v). In particular D.pt has already been studied, and a similar

argument for Dovt shows that D+q. = Dqo = hq.. Therefore

D.+ U = D-u = (q., 1 h) (q,')(q,h)

(q., 1) (q, 1)2

= (p., *h) - (p, 1') (p., h)

This finaly gives

A' = T (p., i*) o dY - T(p.,fh)do ,

where the stochastic integral is now a generalized Stratonovitch integral. 3

Remark. In terms of conditional expectations

T T T
A' ff E(,7(X,) j YT) dY - E(q7'(X.) I YT) E(h(X,) YT) do

= E (,q(X.) Y2) o dY, - E(,7"(X.)h(X.) I Y2) da.

11



* Study of A"

All 0 (p., X* a Dwo) do 25A"n, 1) (25)

One has

E(A") = Et(ZT A") = Et(Et(ZT I YT) A")

- Et (p.,x'aDv,)ds) =j (Et(p),X*aEt(Dv.))ds,

where the last equality follows from the independence of p. and v, under the probability measure
Pt. Now Et(Dv.) = DEt(v,) -= 0 since Et(v,) 1 1. Therefore E(A") = 0, which was expected

since

A" = E (T X*X.)a(X.) dW I YT)

The identities (
t. D ( p=p.D (log )

give the following two other expressions for A", in terms of normalized conditional densities

A'# = Or.* D (T)) de = (T Xa D log L'))

In the particular case where X derives from a scalar potential function, it can be checked that
(25) reduces to the expression (14) given in Proposition 3.1. Indeed

Proposition 3.4. Assume there exists a scalar function U E C?(Rm) suck that X = DU.
Then

A" = (pT, U) - (po,) - (,,,C U) das.

PltOOF. It follows from the identity C(Uv.,) = UCv, + v.CLU + X*aDv,, and from (20 that

(p.,x "Dv.) = (p.,C(U,.)) - (p., UCv.) - (p., v.,CU)

= (,,.'p. - p.Cv,., U) - (p.v., CU) = (U., U) - (q., WU)

Integrating from 0 to T gives

. X Dv.) = (qT, U) - (qoU) - Z(q.,Cu)da.

Dividing by (PT, 1) and using (21) finishes the proof. 13

Remark. In terms of conditional expectations

A" = E(U(XT) IYT) - E(U(Xo) I YT) - Jo E(LU(X.) I YT) ds,

which is exactly (14).

12

!
I



The following theorem has been proved

Theorem 3.5. Let (rt : 0 < t <_ T) and (pt 0 < t < T) be the normalized filtering and
smoothing density (e.g. obtained from the unique solution (pt : 0 < t < T) and (vt : 0 < t < T)
of (17) and (19) respectively). Then, the following two ezpressions hold for A defined in (11)

A = (Po,T)+T (p, )ds + iT(p,,X*aD log )ds + A'

I T * T

0 (pt>)dY. -0 (p., 7>)(p., h) da
A'

0 (p.,*) - d. - 0(p.,,7*h) ds

where the non-adapted stochastic integrals are respectively a Skorokhod integral and a generalized
Stratonovitch integral [6].

Conclusion

The advantage of smoothing over filtering is that the linear dependence on (/3, x) is
made explicit: provided the underlying probability measure does not change, evaluating A for
a different set of data (/3, , 77, X) will not require the computation of a new infinite-dimensional
conditional density. In the filtering approach, one would have to solve another stochastic PDE,
with a different "right-hand side".

On the other hand, from the computational point of view, solving the equation for the
smoothing density requires not only the computation but also the storage of the filtering density,
and is therefore more expensive. Moreover, in the filtering approach it is enough to integrate the
unnormalized filtering density at final time T, whereas in the smoothing approach one has (i)
at each time t, to integrate some functions involving ( , 77, X) against the normalized smoothing
density, and (ii) to integrate the resulting processes over the interval [0,T].

The next section will be devoted to applying these two approaches to the computation of
quantities related to the direct likelihood function maximization and the EM algorithm.

13



4 Application to the MLE problem

4.1 Direct maximization of the likelihood function

It follows from (5) that the log-likelihood function L(O) can be expressed as

L(O) = log(pe , 1)

with - see (17)
dp9t = epe dt + hiptr - ' dYt (26)

and

2 ijl

It follows from (8) and (10) that VL(O) belongs to the class of conditional expectations
considered in Section 3. The approach based on filtering (Theorem 3.2) gives

VL(O) = (WTO,,1

O41)

with (pt : 0 < t < T) and (we : 0 < t < T) given respectively by (26) and - see (22)
dw4 = £*wt8 dt + h*w'r-' dYt + [Vh9]*pOr -' dYt + J*ps d, WO .= Vp, (27)

where Jeo! = [Vbe]*Do.

Remark. Equation (27) is exactly what would be obtained by deriving formally equation (26)
with respect to the parameter 9. This result was indeed obtained in [4], relying on the existence of
a "robust" (i.e. continuous with respect to observation sample paths) version of Zakal equation.

If 0 is a p-dimensional parameter, then the gradient (wt : 0 < t < T) is a p-dimensional
vector: each component of this vector actually solves a stochastic PDE which is coupled only
with (pte : 0 < t < T) and with no other component; moreover the coupling occurs only through
the "right-hand side" and each of these (p + 1) stochastic PDE's has the same dynamics. In
other words, one has to solve the same stochastic PDE with (p + 1) different "right-hand side".
Note that smoothing could provide a more efficient method to deal with such a problem.

4.2 The EM algorithm

It follows from (6) and (7) that the auxiliary function Q(8,9') belongs to the class of con-
ditional expectations considered in Section 3. The approach based on filtering (Theorem 3.2)
gives

Q(8, ') = W ,)
(14 ,1)

14



with (p' : 0 < t < T) and (w1 e' : 0 < t < T) given respectively by (26) and - see (22)

dw ee = £;,wte dt + h;,wter -1 dY + [he - he'pter - ' dY + j ept dt

_' (fbe - bej*a-[be - be,] + [he - he,]'r-1 [he - he,]) pre' dt
9

-06 =P 0'log POO
PO'

where J9e8,0 = [be - be]D 0 .

On the other hand, smoothing (Theorem 3.5) gives

Q(,V- (p 9 ' log ) + foT(O',[be-be',*D log 4)s
- T(pe, [be - be,]'a-[be - be,] + [he - he,]*r- [he - he]) ds + A' , (28)

f'(p', [e -he,]*)r - ' dY, _ fT (pt, , [he - he,]')r-'(p:s ' , he,) ds,

A' = 0 { [h ]*)r-1 o dY. - (pA' [he - he,*r-h,)ds, (29)

where (4rt : 0 < t < T) and (pt' : 0 < t < T) are the normalized density of filtering and
smoothing, computed from the unique solution (p' : 0 < t < T) and (ve' : 0 < t < T) of (26)
and - see (19)

dvt' + Le, v4' dt + h;,vt r-' dY 0, =0 = 1 (30)

respectively. Moreover, the non-adapted stochastic integrals in (29) are respectively a Skorokhod
integral and a generalized Stratonovitch integral [6].

Remark. It is now possible to give a more precise meaning to the (E-step) and (M-step) of
the algorithm. Indeed, W' being fixed

3. (E-step) compute the normalized smoothing density (p4' 0 _5 t < T) - this requires in
particular to compute the normalized filtering density (4t'y 0 :_ t < T),

4. (M-step) maximize Q(., 9') - where for each 0 E 0 the computation of Q(0, 0') requires
according to (28) (i) at each time t, to integrate some functions depending on (8, 0') against
the normalized smoc~hing density pf', and (ii) to integrate the resulting processes over the
interval [0,2'].

Remark. A partial answer can be given to the question [M] raised in the Introduction. Indeed

* the differentiability of 0 " Q(O, #') relies in an obvious way on the existence of derivatives
with respect to 0 of p0(.), be(.) and he(-),

" computing the corresponding derivatives, and maximizing 0 " Q(8, W') will not involve the
computation of any other infinite-dimensional conditional density.

15



Moreover, as was pointed out in [2], there are particular cases in which the M-step can be dealt
with explicitely. This includes the case where

* logpo*(.) depends quadratically on 9,

* be(-) and he(.) depend linearly on 0,

since 9 -4 Q(6, 9) becomes then a quadratic form.

It follows from (9) and (10) that V1,'Q(O, ') belongs to the class of conditional expectations
considered in Section 3. The approach based on filtering (Theorem 3.2) gives

(uT , 1)
Vl,'Q(o, 9') =

with (p ' 0 < t < T) and (wteu' : 0 < t < T) given respectively by (26) and - see (22)

dw' e' = £,,w' dt + h;,wow'r-' dYt + [Vh]'prr- 1 dY + jo'pr dt

- ([Vbo]*a-[be - be,] + [Vheo*r-'[he - he,]) pt dt

o,' = P~o, OP
eGO PO

where Je = [Vbo]*Do.

Remark. Comparing with (27), one can check once again that

V1'0Q(0, 0') lore,= VL(G')

as expected.

As for the smoothing approach, one can use again the results of Section 3. Alternatively,
one can directly differentiate with respect to 9 the expression (28) for Q(8, 9), thus illustrating
the point [M]. Indeed

V1 Poe + o - ,P[d+ (PD,[vb o]*gD 10)do

- (po, [Vbela-l[be - be,] + [Vh,'r-1 [h - he,]) da + A'
0

A'T j T [V ho]*)r -  dY - T ( p,[V he]*)r- (p', he,)ds ,(pP, -T4 ,

0 ,[V )r- ' o dY. fo . '[Vho]')-

where the non-adapted stochastic integrals are respectively a Skorokhod integral and a gener-
alized Stratonovitch integral (6].

16
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5 Time-discretization, and relation with MLE of parameters
in partially observed Markov chains

Before turning to the presentation of the numerical results, it is worth describing the ap-
proach that has been adopted to actually compute the expressions obtained for L(O), VL(O) and
Q(8, 6'). From the results of the previous section, this should reduce in some sense to discretizing
stochastic PDE's (26), (27) and (30).

However, instead of discretizing separately these stochastic PDE's and e.g. just plugging the
resulting approximations into a discretized version of (28), a global approximation of the original
continuous-time problem by a discrete-time problem will be presented. In particular

* the approximation T(O) to the log-likelihood function L(O) of the continuous-time prob-
lem, will be interpreted as the log-likelihood function of the discrete-time problem,

• the approximation (, 9) to the auxiliary function Q(O, 9) of the continuous-time prob-
lem will be such that the fundamental relation (2) will hold for the discrete-time problem,
i.e. Z(O) - Z(e') > ;(9, ').

Consider indeed the following discrete-time statistical model. Let first (t. : 0 < n < N)
be a uniform partition of the interval [0, T] with time-step At. Suppose that on a measurable
space (0,') are given

" a family (P1 : 6 E 0) of probability measures,

" a discrete-time stochastic process (X. : 0 < n < N) taking values in RI,

• a stochastic process (Yt : t > 0) taking values in Rd,

such that under TO, (X,, : 0 < n < N) is a Markov chain with transition probabilities kernel

i. - A(1 ) -  (31)

and initial density p*s , and this Markov chain is observed in continuous-time through

dYt = he(Y;.) dt + dMt , t' < t < t,+ ,

where (Wt : 0 < t < T) is a Wiener process with matrix covariance r, independent of the
Markov chain ( : 0< n < N).

Remark. Equivalently, one can consider that the Markov chain is observed through the discrete-
time measurements

Y" At

where (-, : 0 < n < N) is a Gaussian white noise sequence with matrix covariance rAi -1 ,
independent of the Markov chain (X. : 0 < n < N).

17
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First, it follows from hypotheses (H - H2 ) that Vz E Rm , (fl4(z,.) 9 E )) are mutually
absolutely continuous probability measures on R'. Define then

& Il(z, dy)

as the corresponding Radon-Nikodym derivative. Define next

**(z) - exp { h;(x)r-'AYn - "h;(x)r-1ho(z)At}

Then (Po : 8 E 6) are mutually absolutely continuous probability measures on (f), F) with
Radon-Nikodym derivative

dP3 A N-1 N-i to
, A = -(Xa0I 1[,,,(X1,,+i) 1-[JJ (Xi).

p6 i=O i=0 --

Consider also the probability measure P0 defined by

A :9 N-1

dre i=O

so that under P@, (Yt : 0 < t < T) is a Wiener process independent of the Markov chain
(X : 0 < n < N).

Let again (Yt : 0 < t < T) denote the observation filtration. It turns out that the log-
likelihood function for the estimation of the parameter 0 is now defined by

-r(e) = log(oe I YT), (32)

whereas the auxiliary function is defined by

, = 4(log Xe.0, I YT) (33)

5.1 Direct maximization of the likelihood function

The idea is to find an equation for (p: : 0 < n < N) defined by

where

n-1

i:=0

By definition

= L((Xn+iY4+1 I Yt.+

18
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which results in the following equation

= II;= POO), = Po (34)

Using expression (31) for the transition probabilities kernel gives the following discretization

scheme of Zakal equation (26), which combines a Trotter-like product formula and a Euler
implicit scheme

(I - At£;*)PO+1 = *o P., 10 = P 0. (35)

It follows from (32) that the log-likelihood function L(9) is therefore approximated by

TM = log1(P, 1) (36)

To approximate the gradient VL(P), one could either

9 directly discretize equation (27),

9 derive the exact expression for the gradient of the approximated log-likelihood function
1(9).

The second method is prefered, and gives

VT(9) = (  1)

with - deriving equation (35) with respect to the parameter 0

(I - At;) +, = % + Atvc;lTo+, + [V* , = Vpo.

Remark. (normalization) To avoid numerical overflow one should rather solve, instead of (35),
the normalized equations

To =p' 00 =

where 10+ (7n, to). It is easily seen that PO = -y7 with -t L,8 -I I a d (p, 1)

so that N-i

I(e) = log4 = e log(TePff).
i=1

In the same way, defining -- by the relation . = Iyte, gives

(I- = + } = Vp'.
=

Note that, although U*D is the gradient of pe, V is not the gradient of W8. Actually g =

W-(/P, 1) so that
VM() = M N, 1).

19

'1



( I
~I

5.2 The EM algorithm

Although it is rather straightforward, in the discrete-time case, to obtain the expression of
the auxiliary function i(., -) in terms of nonlinear smoothing, it is nevertheless worth presenting
a derivation that follows the same lines as in the continuous-time case. Indeed, there are two
different methods - one based on nonlinear filtering, the other on nonlinear smoothing - for the
computation of (33).

9 Filtering

Define

PO

The idea again is to find an equation for (W'1'6o : 0 <n < N) defined by

First
-9' log -

PO

Next, by definition

(~99 -M ) ;jlX& I Yt.+1)

t o fe, !, (Xn+ 1)nT. (Xn)'. + l0g I (X,,+ + ') + l og W ](Xu.)] I Yt...)

- l ~t(yn(~ A r 01(Xn) en I Yt. +,) + r!,' I *(X n) #., 04 (X n I Y

+1)log , ( ) I Yt,.+)
= ,*(,)) + (r6,0)) + (P log (li0@))

where the operator Kov is defined by

(K,')' - O(Y) log foe, (x, Y) Hie, (-, y). (37)

Therefore, the resulting equation is

W 1 ='I; (* V) + K;,( ) ) I;flog ' ) " log PA

It follows from (33) that the auxiliary function Q(6, 9') is approximated by

( (,18) = VN, 1) (38)

2D



e Smoothing

Introduce the backward equation - dual to (34)

-- o'= t (nve-) ,(39)

Then

(;,=i, 0. ,,+I) + , + (n-i og

Introducing the unnormalized smoothing density i f , gives

N-i
(We, 1) = (-8o,1" ,o + E (4,',i+ ) - U,,,'e,

i=0

0 N-i N-i

= -+ (4,', [log, +,,+.d) + E (, log %j,)
A iffO i=On

= VO" ogA N-1
- ( ',iog P) + E(PI'[,eui+l])

i--0

N-i N-i

+ . (n/, [he - h,,]*,.-(AY, - hAt)) - = (', [he - he,]*r-'[he - h,,])At,
_-s=0

where in the last expression + ' ' and the identity

log = [he - hej]r-(AY - heAt) - ![he - hel*r-'fh - h, ]At

has been used.

Remark. (normalization) Here again one should rather solve, instead of (39), the normalized
equations

=9 = 9

where jf is chosen in such a way that (<l ,<) -- 1, which gives jS' = (Y ,!Iif'V?+)" It is

--- = . .N. Moreover, the
then easily seen that jU' - 1'and that ~E~=67with e. i jf ... Moeoe,.h

normalized smoothing density is given by 7 0 11
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Remark. In terms of normalized conditional densities

PO')+ E .
N-i N-i

h,+ - h,]r1 (AY - h,&At)) - E [h. - hr-1 [h, - h,]),At

to be compared with (28), (29).

Remark. It is now possible to give a more precise meaning to the (E-step) and (M-step) of
the algorithm. Indeed, V being fixed

3. (E-step) compute the normalized smoothing density ( 0 < n < N) - this requires in
particular to compute the normalized filtering density (We. 0 < n < N),

4. (M-step) maximize i(., 9') - where for each 0 E 9 the computation of i(O, 8') requires
(i) at each time n, to integrate some functions depending on (8, ') against the normalized
smoothing density P, and (ii) to sum the resulting discrete-time processes from n = 0 to
n=N-1.

Remark. With the time-discretization introduced above, the numerical implementation (in-
cluding discretization with respect to the space variable) of the EM algorithm requires in the
M-step, the explicit evaluation of the transition probabilities kernel 'e n-- (I - At4)- 1 . On the
other hand, the numerical implementation of the direct maximization algorithm requires only
the solution of linear equations with operator (I - AtC;), a much faster task.

Remark. There are some similarity between the discrete-time version of the EM algorithm
and the statistical estimation of probabilistic functions of Markov processes. This theory has
been introduced in [1], and has found interesting applications in acoustic speech recognition [5].
Indeed, assume that observations are generated according to a hidden Markov model (HMM): to
each possible state x of the a non-observed Markov chain defined by its initial probability P0 and
its transition probabilities kernel II, is associated a probability function B(x, .) which describes
the conditional law of the observation given that the chain is in state x. Such a model will be
denoted by M = (p0, 1H, B). Then (under the additional assumption that both the Markov chain
and the observation sequence take values in finite sets), the maximum likelihood estimation of
the parameters of the hidden Markov model M is achieved by an iterative procedure involving
reestimation formulas [1,51, which are obtained from the explicit maximization of an auxiliary
function Q(M, M').

Consider now the parametric model described above. It is possible to turn it into a parametric
hidden Markov model Me = (p0s, no., B&) with

BS(z, 1 ) = (2)-(det r)- 4 exp {- [h(z) - yj*r-t[h.(z) -y]At.

In particular Bo(z,V.) oc V.(x). Then it is easily seen that the auxiliary function defined in
(33) is such that i(O,9') = Q(M, ,M,). Moreover, equations (34) and (39) - which are known

22
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as Baum's forward and backward equations 11,5] - play a central role in the theory of statistical
estimation of hidden Markov models.
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6 Numerical example

The continouous-time model is described by

dXt = -0 2Xtdt+O 3 1 + t2 dt + al 2 Wt X0~-9( 1 ,E) (40)

dY = 04 arctan(L) dt + r 112 dWt (41)(44

and the unkown parameter is 0 = (91,02, 03, 04). The noises covariances in the problem are E, a
and r, and can be associated with the parameters 91, (02,03) and 64 respectively.

Although the unknown parameter is actually four-dimensional, results will be presented for
the estimation of one component of 8 at a time, and the influence of the "associated" noise
covariance will be investigated.

For each of the cases presented below, the log-likelihood function has been maximized in
order to find the MLE, either using the direct approach or the EM algorithm based on nonlinear
smoothing. To achieve the direct maximization, one can rely on existing minimization routines
from a scientific library, e.g. e04jbf from NAG which uses a quasi-Newton algorithm and does
not require the user to provide a routine for the computation of the gradient. On the other
hand, the M-step of the EM algorithm can either

" be solved explicitely when applicable, e.g. when the auxiliary function depends quadrati-
cally on the parameter to be estimated,

" rely on routines from a scientific library.

Two figures are given for each of the cases considered. On the first figure, the following
objects can be found

* in solid line: the log-likelihood function T(.) vs. the free parameter,

* in dashed line: iterations of the quasi-Newton algorithm for the direct maximization of
the log-likelihood function L(.), i.e. straight lines connecting successive points

AOAh'",An,"" 9

defined by

A.,

On the second figure, the following objects can be found

" in solid line: the log-likelihood function I(-) vs. the free parameter,

" in dotted lines: the auxiliary functions corresponding to successive estimates, i.e. functions
TL (.) = Q(.,) )+T(0), vs. the free parameter,
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* in dashed lines: iterations of the EM algorithm, i.e. straight lines connecting successive
points A 0 , B 0 , AB 1, .., A., B.,-" defined by

A

B.

Remark. In the example introduced above, although the auxiliary function Q(8, 0') of the
continuous-time model depends quadratically on the parameters 01, 02 and 93, the discrete-time
approximation i(O, 9') depends quadratically on 01 only. This can be seen on the expression of
the operator r.,,9 - see (37).

Description of cases study

In all these cases, the "true" value of the parameter - i.e. the value used for simulating
sample paths of the observation process - is (81, 92, 03, 94) = (1.0, 0.25,5.0,2.0).

The time interval is [0,7T] with T = 10.0 and time-step At = 0.1. Observation process
sample paths are simulated in the following way. First, simple Euler time-discretization scheme
(equivalent on this particular example to Milshtein scheme) is used to simulate the signal process
(40)

Xn+1 = Xn + [-02xn + 03 'T- 2 ]At + Wn,

with o - .r(0 1 ,E) and (wn : 0 < n < N) a Gaussian white noise sequence with covariance
matrix aAt. Next, discrete measurements are generated by

n= 04 arctan(j)) + ,n994

with (Un : 0 < n < N) a Gaussian white noise sequence with matrix covariance rAt- 1,

independent of (wn : 0 < n < N).

These discrete measurements are used to solve equations (34) and (39), and therefore to

compute the approximations f(8) and ;(8, 0') defined by (32) and (33) respectively.

* Estimation of 01

Fixed parameters: (2,93,04) =ffi (0, ,98).
Noises variances: a = 1.0, r - 1.0, and E: - 1.0 (Case I - fig. 1 and 2) or E = 0.01 (Case II -
fig. 3 and 4).
In Case I the EM algorithm has converged after 11 iterations, whereas in Case II it has not
converged after 200 iterations. Therefore, only the 12 first iterations are shown on fig. 4.

* Estimation of 03

Fixed parameters: (01, 02, 0,) = (0, 0;, 09).
Noises variances: E = 1.0, r = 1.0, and a = 1.0 (Case I - fig. 5 and 6) or a = 0.01 (Case IV -
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fig. 7 and 8).
In Case Ill the EM algorithm has converged after 5 iterations, whereas in Case IV it has not
converged after 200 iterations. Therefore, only the 12 first iterations are shown on fig. 8.

e Estimation of 04

Fixed parameters: (01,02,03) = (0, 0, 0).
Noises variances: E = 1.0, a = 1.0, and r = 1.0 (Case V - fig. 9 and 10) or r = 0.01 (Case VI -
fig. 11 and 12).
In Case V the EM algorithm has converged after 9 iterations, whereas in Case VI it has converged
after 27 iterations.

The reason why the EM algorithm is so slowly convergent when noise covariances are small
- Case II, IV and VI - is that the log-likelihood function is then approximated from below
by a set of very sharp auxiliary functions: this situation does not allow to update significantly
enough the current estimate at each M-step. Actually, this can be seen directly from (6), (7) -
or equivalently from (28), (29). Assume for instance that both poo(.) and be(.) are independent
of 0, and that the observation noise covariance r is small. Then every auxiliary function Q(., 0')
will certainly be very sharp. It should be stressed that in such cases, the slow variation of the
estimate should not be interpreted as an indication that the algorithm has already achieved
convergence, as one would possibly conclude.
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7 Conclusion

The direct maximization of the log-likelihood function has been compared with the EM
algorithm, for the MLE of parameters in partially observed diffusion processes. Some formulas
given in [2] have been clarified, and it has been shown that smoothing is necesary to make
the EM algorithm approach efficient. On the other hand, formulas have been given in terms
of filtering stochastic PDE's for the computation of the original log-likelihood function and its
gradient.

It has been shown that

[E] the E-step in the EM algorithm is certainly slower than the direct computation
of the log-likelihood function, since it involves nonlinear smoothing instead of
nonlinear filtering.

[M] the computation of the auxiliary function Q(O, 8') in the M-step of the EM al-
gorithm, 0' being fixed, requires (i) at each time t, to integrate some functions
depending on (0, 8') against a normalized smoothing density depending only on
6Y, and (ii) to integrate the resulting processes over the interval [0, T]. This
gives another evidence that the EM algorithm is more complicated than the di-
rect approach as far as computations are concerned. On the other hand, the
maximization of the auxiliary function is generally simple to deal with.

[EM] the EM algorithm converges very slowly whenever some noise covariances associ-
ated with the parameters to be estimated are small.

However, the EM algorithm should provide an interesting approach for non-parametric es-
timation in the context of partially observed diffusion processes, i.e. non-parametric estimation
of the initial density, the drift and the observation function. This form of the EM algorithm
is used indeed in the context of finite-space Markov chains with finite-state observations (hid-
den Markov models), and leads to well-known reestimation formulas, which are of practical use
e.g. in acoustic speech recognition.
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Figure 2: Case I - EM algorithm
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Figure 10: Case V - EM algorithm
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Introduction
Il est bien connu que dans un problame de filtrage non

lin~aire de processus de diffusion, une certaine version de la loi
conditionnelle non normalis~e satisfait une 6quation aux d~riv~es

partielles stochastique lin6aire appel~e 6quation de Zakai - cf.
ci-dessous. Il est d~s lors int6ressant de caract~riser cette loi
conditionnelle non normalis~e commne 6tant l'unique solution - en
un certain sens - de cette 6quation de Zakai. Un tel r~sultat peut
se d~composer en deux parties :d'une part un th6or~me d'unicit6
pour l'6quation de Zakai dans une certaine classe IC de processu6,
et d'autre part un r~sultat de r~gularit6 permettant d'affirmer
que la loi conditionnelle non normalis~e appartient A cette zngme
classe IC.

De nombreux r~sultats de ce type ont 6t6 6tablis par divers
auteurs, dans des cadres plus ou momns g~n~raux. Dans le cas de
coefficients born6s, Kunita [11] et Szpirglas [17] ont 6tabli un
r6sultat d'unicit6 dans le cas oOx le signal et le bruit
d'observation sont ind6pendants, Krylov-Rosovskii [10] et Pardoux
[13] sous des hypoth~ses d'uniforme ellipticit6. Divers types de
coefficients non boscn~s ont 6t6 consid~r~s dans le cas oai le
signal et le bruit d'observation sont ind~pendants dans Pardoux
[15], Baras-Blankenship-Hopkins [1], Fleming-Hitter [6],
Kallianpur-Karandikar [10], Ferreyra [5] et Kurtz-Ocone [13] (Dans
ce dernier article, sont 6galement trait~s des cas oi 51 y a
correlation des bruits). Bensoussan [2] consid~re des coefficients
non born~s dans des cas oil le signal et l'observation sont
corr~l~s avec une condition d'ellipticit6. Haussmann [9] consid~re
des coefficients d~pendant de l'observation. Enf in Canarsa-Vespri
[3] consid~rent le probl~zne d'unicit6 pour 1'6quation de Zakai
avec des coefficients non born~s et une correlation entre signal
et bruit lorsque l'observation est en dimension un. Le fait que
cette unique solution est la loi non normalis~e est 6tabli par
Florchinger [7].

Notre but est c1'tablir un r6sultat tr~s g~n~ral, en
supposant cependant tous les coefficients born6s et de classe CCe..
Par ailleurs, la loi irnitiale est quelconque, et nous ne faisons
absolument aucune hypoth~se de non-d~g~n~rescence :la loi
conditionnelle ne poss~de pas n~cessairement de densit6. En Ioutre,
le signal et le bruit sont corr6l~s, et tous les coefficients
dependent de tout le pass6 de 1'observation. Ce dernier point est
trds important pour les applications au contr6le stochastique avec
observation partielle.

Nous allons tout d'abord 6tablir un r~sultat d'unicit6 d'une
6quation aux d6rivbes partielles stochastique dans des espaces de
Sobolev d'indice quelconque, A 1'aide de propri~t6s 6l6mentaires
des ophrateurs pseudo-diff6rentiels. Ensuite nous montrerons que
la loi conditionnelle non normalis6e appartient & un certain



espace de Sobolev d'indice n~gatif.

1. Position du Probl~me
Nous allons 6tudier l'unicit6 des solutions d'une 6quation

aux d6riv~es partielles du type suivant (on utilise ici et dans
toute la suite la convention de sommation sur indice r~pbtb)

(a)du, Au, dt +B u dw' u0 donn6

Mi (w} est un processus de Wiener sur un espace de probabilit6

flyly1 ,P) A valeurs dans FP.

Mi A (resp B 1'...,BP ) sont des op~rateurs diff6rentiels sur
d'ordre 2 (resp.l) s'6crivant

m P

A 1 X2 + X +c + 1 B2
2 i= 2 i

B, = Y1 + h

otx X0 P XI .. . ,MY1 ... sont des champs de vecteurs sur
1 c,h1 ...h des fonctions sur I'; d~pendant de (w,t)efl x R.-
Si (x d6signe l'une de ces fonctions ou l'un des coefficients des
champs de vecteurs, on suppose que:

- ML : 1 x H x R'-+ R est "B mesurable, oOa T d~signe la tribu des
6v~nements progressivement iesurables de flx H. et B la tribu

bor~lienne de Htm.
-pour tout (w, t) ell x R.,~ ot(w, t,.) est dans CcO(V) les bornes

6tant uniformes en (w,t).b

1.1. Classes de Processus A valeurs dans des espaces de Sobolev
Dans cc paragraph.. nous rappelons les principales

d6finitions concernant les espaces de Sobolev et les opbrateurs
pseudo-diff~rentiels. Nous renvoyons au livre de Tr~ves [18]'pour
un expos6 d~taill6 sur ce sujet.

1.1.1. Espaces de Sobolev
Comme dans [4], on introduit, pour aL dans HR 1e potentiel de

Bessel A. qui agit sur S'(V) (espace des distributions tempir~es)
par la formule suivante

Aaf (E) _ (1+I1 E 2 ) =12 f



4. 4

Alors H'(F) f (cS '(F a)AfEL2 (F) et, si f eHQ'(F?) Ilf 1I4=IIAxf 110

0o:[ 11 110 est la norme usuelle dans L (I? (, d~signe 1. produit
scalaire associA).

Pour ucH'*1 (F ),veH'-'(F ), on pose

<,c = (A,,u AC 1AV);

<. ,Xest donc le produit de dualit6 entre Hx*-(F ) et Ho-'(F'

lorsque ce dernier espace est identifi6 au dual de Ha' (i?), ce
qui correspond A identifier H"(F ) A son dual.

1.1.2. Oy~rateurs pseudo-diff~rentiels

D~finition Soit U un ouvert de F? et meiR :on appelle
amplitude d'ordre m sur U une application CCO a :UxI? 4 C

tells qus, pour tout compact K de U et tout couple de
n-uplets ((,) il existe une constante C, . (K) telle que

sup ID~x D: a(x,FU I < Cx.0(K) (1+IEj--.I)~'.
xeK

L'ensemble des amplitudes d'ordre m sur U est noth S a(U).

notations : l'(U) est Jisspace des distributions sur U, i.e. le
dual de COfl) ; V'(U) est l'espace des distributions asupport

C

compact sur U, i.e. le dual de C&(U).

D6finition On appelle op6rateur pseudo-diff~rentiel
standard d'ordre m sur U une application lin~aire
A : ,(U)-+I7J(U) de la forms

Au(x) = (2fl)- J e1 ~ a(x,F_)u(E.)dF.

oti acS M(U) ; a est le symbole de A.
Wensemble des op6rateurs pseudo-diff~rentiels standard
d'ordre m sur U est notA 'P (U).

Exemz~ies
Le potentiel do Bessel A.est un op6rateur pseudo

diff~rentiel d'ordre m.

.aSoit P un polyn~me & n variables complexes dCordre mc44.

A-P(-i - ) out un op~rateur diff~rentiel d'ordre mt qui agit sur
ax

une distribution uce' (U) par la formule



Au(x) -(2fl)- Je" P(. u(E) dE

c'est donc un op~rateur pseudo-diff6rentiel d'ordre m, de symbol.

Si A est un op~rateur diff~rentiel A coefficients non
constants, on peut montrer quil exists un op~rateur
psoudo-diff6rentiel B tel que A-B soit un op6rateur r6gularisant
i.e. d'ordre -co. On pout donc identifier A A un 6l6ment de

t4 (U) = 4' (U)/ Iu)(U).

Proposition :Un op~rateur pseudo-diff~rentiel d'ordre m sur Uci?
d~finit une application continue de Hs(U) dans H8,-,(U) oti

C 0e

HS(U) = fuelis( I), supp uCU}

1 0 (U) ( H8(U)Ae',(U)c (U
(U

D~finition Soit ie N(U) et ie~IP (+). Alors A]=A-B

est dans *-

4i(U) =U 4(U) muni do ce crochet est une algibre do Lie.
ineIN

Dans la suite do ]2article, nous travaillerons sur la sous
alg~bre do Lio ongendrA. par los potentiels do Bessel et
los op~rateurs diff~rentiels.

1.1.3. Classes do Processus
On dhfinit la classo de processus (cf. [4] et [14]);

=q L2 (U x [O,T],Ha(P )

et, sur cot espace. la normo

Illulim = E~fIu (wt) 112 dt)}

On introduit aussi n La'r L(U ; C ([OT] ;a(

1.2. Th6or~me
Soit meR. L'6quation ()adinet au plus une solution dans

fl r_ dont la valour on t=O soit un 6l6ment donn6 de H"(F)
7>O

2. D~monstration du th6or~me.
311. se d~compos. en cinq 6tape s.



2.1 Formule de 1t8.

2.1.1. Proposition Soit u une solution de ()dansr

Alors v-A, u est dans V)1 et v~rifie

at P

Preuve Si5, u est dans )tq', d'apr~s les hypoth~ses faites sur
les ophrateurs A,B1 ... .B, Au est dans et Bu dans 3q'. Donc

A .i est dans t4, Aa Au dans Iet Bu dans ~.on a, de plus,
1'6galit6

Plo U = A'u + ft Axu ds + f AOu 1 dwI , Vo,<tT.

En effet ceci revient A montrer que V'on peut commuter A' avec
l'int~gration de Lebesgue ou stochastique, ce qui est obtenu en
approchant Au (resp. B Lu) par des fonctions simples dans

(resp,'1')1

La Proposition r~sulte alors de la formule d'It6 de.[14] dorit les
hypoth~ses sont trivialement vbrifi~es.
2.1.2. Corollaire:

Soit u une solution de (*) dans r_11 alors

11 t  P 12
E(Iju, 111.) - E(11u0 I)+J E{ 2<u, ,Au > a+ JIBI u3jds, 0,t,

Dans les paragraphes suivants, on estime les termes sous
l'int~grale en fonction de 11u5.111 af in de pouvoir appliquer le
lemme de Gronwall.

2.2. In~aalit6 A priori dans H'_U?1

2.2.1. Proposition :Il existe une constante K>O telle que

P

Vf H 1 (IF <Af f > 4 KtIf11 + -Z <fB2>
0 0 2 i0



Preuve Nous commengons par 6noncer un lemme que nous utiliserons
plusisurs fois par la suite.

2.2.2. lemine Soit X 'in champ de vecteurs de classe C' surR.
Alors:

Mi X* =-X +b oibeCb (r)

(ii) 11 existe une constante K telle que

Vf cH' (F? I (Xf, f) 1 £ K Ilf 112

n kn a
Preuve Si sxX z 21 x' z- (XI

j aXt i=1 ax,

n n1

xax
i=. ax, () XI

Soit feH' (j) (Xf,f) = (f,X*f) = -(f,Xf) -(f,divX.f).

1
D'oQa (Xf,f) =--(f,divX.f)

2

Alors, I(Xf ,f ) 1£ - IdivX lIIlI 1.
2

Suite de la Preuve de la proposition 2.2.1.
Par definition de A, on a

3

<Af f> 2 <Xf, f> 0 + <X0 f, f> 0 + <cf, f> 0
<Af~f>0  2 ji a1

P

+ - <as,If>0

11 r~sulte alors du leinme 2.2.2. que

5 P

1A , ~ f > <X 2 f f> + K, hf 11 :<B'jf ,f >
0 2 1 02. 2
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Il reste A 6tudier le terme X<X2,f,f>,. Soit ie~{1...,n}

.9:X 2 f ,f> = (X f, X* f) II 11ix 2 f:- (XIf ,div X,. .f
1 0 1 1

D'ofl ~ ~ ~ <X~'> 2 IlfII0

ce qui achive la preuve.

2.3. In~aait6 a priori dans Hm B.

2.3.1. Proposition Il existe une constante K>O tell. que

P

Vf ~o' 1 R' <Af, f> KIlfI112 + - <AfBX

Preuve : Soit feH"(P ).

<Af,f>41 = <A,AfA\,f>, = <A A af,A af>0

+ <[A .A]f,Aqxf >0

Le premier terme est estim6 grAce A la proposition 2.1.1..
Af in de majorer 1e second, on utilise une technique de commnutation
et passage de ladjoint.
On introduit

g=%f et T[.AA.

<(AI FA]f,Aogf>o = (Tg,g) = -((T+T*)g,g).
2

Calculons T*
T* = A_.[A*,A.] - [A,,-AJ A + [A.(A*.A]].

Or A*- A est un op~rateur d'ordre 1. En effet

m

A*- A Z (x:l2 - X2)+ X -X
2 i11 0 0

m

2I /(-XldivX 1)2 - x 
2

- 2X. divX,i2 1



m m

= divX1 .X1  2X0 + - (divX1 )l divX*
i-0 2.

T+T* =[Act A-A*] + I(A0 [A* ,A.

est un op6rateur d'ordre 0,; ce qui permet de conclure.

2.4. In6galit6 d'6neraie dans H tE'Li-

2.4.1. Proposition 11 existe une constante K>0 tell. que:

P P

Vf E~+ ( JBif11.. -i<~ 2Af> l I

Preuve : Commenjons par le cas cv0. On a, pour i{1. .. .py

<B~ fB f>0 = <f,B:Blf>0 = -<f,B 2f>0 -(f,divB1 .B1 f)

Le dernier terme est estim6 graice au lemme 2.2.2..

Soit a~ un r6el quelconque

JIB fjj2 _ (A 'B f,A B f) =(B A f,B A f)
ta oratf I a

+ 2 <B1 A4 f, A.,B,]f>, + II[A.,B, JfII2.

L'ophrateur [A21 ,B1 ] 6tant d'ordre at, le dernier terme est estim6

ais~ment. D'autre part, d'apr~s 126tude du cas oc=0, 1e premier

terme est major6 par:
-<A f,BAf> + KIjfII2

Il reste done A estimer <Actf [(A.,Bl]f>0  tfA 1 >

avec T=B*[A ,B 1JA,I cc

on raisonne comme dens la preuve de 3pa proposition 2.3.1. ie on

6crit:<q A[f> 2 < tf)mf>

et on va montrer que Mr*h est un ophrateur d'ordre 0.

A- c [B: A, ]BI CB B

+ [13,A ]A 5 DB + B1 [B,A]A



D' OtL T'= B'I [A. ,' + divB Al, Bi ]

+ op~rateur d'ordre 0

et T+*-B'I [A, - divE1 ]/Aa + op~rateur d'ordre 0 est un
op~rateur d'ordre 0.

2.5. Fin de la d6monstration
11 r6sulte du corollaire 2.1.2., des propositions 2.3.1.. et.

2.4. l'in6galith suivante :si u est une solution de (*) dans
alors

E ( Iju 112) 4 E( ( j k) +KJ E(lu* 11)ds.

On d6duit. alors du lemme de Gronwall que

d'o& I ~~EI I u2, T 4 K E( H1u. 112) VER

On en d~duit. l'unicit6 de la solution de (*) dans )q'l pour tout

TeR, et par suite dansn fl -
T>0

3. Application au filtrace

3.1. Description du mod~le
Consid~rons le couple (signal, observation) not6 (x,,Y,)

solution du syst~me suivant:

dxt - Xe (t, y.x, ) dt+X1 (t,y, xt )o dw' + if (t,y, x,)(dw;J+hJ(t, xdt).

(F dyt M h(t,y,x t )dt + dv't

(x, .y,) suit une loi n 0 080 et est ind~pendant de (v,w).

* On d6signe par oL(t~y,x) lVun. quelconque des composantes des
* champs de vecteurs ou des fonctions intervenant. dans ce syst~zne et

on fait les hypoth~ses suivantes

Mi O R x C (R.,R'x -i R



eut 1>O B. mesurable oa1 dhsigne la tribu des 6vhnements

progressiveucrit mesurables de IRXC(R, ; F ').

(ii) Pour tout couple (ty)eRx C(IR,,RPL JVapplication

xer P. OL(t,y,x) est de class. CO( les bornes de m' et de ses

dhrivhes 6tarit indhpendantes de (t,y).

Notons que sous les conditions (i) et (ii), 1e systhme
diffhrentiel stochastique (F) posshde uris unique solution faible

(autreinent dit, ie problhme de mnartingales associ6 est bien posh).

En effet, si (w1 ,,y, ; t;0) est le processus canonique de

fl=C(R ;I') x C(R.;I?') muni de la tribu borlienne et de la mesure

de Wiener, l'6quation diffhrentielle stochastique:

dx1 = Xe (t,y,x, )dt + X1 (ty,x ) o dii
1 + X- (t,y,x ) dyj

0 I S t t

avec x.donn6 dans R' posshde uris unique solution forte. Uris
application standard du thhor~me de Girsanov permet de conclure.

Soit Yla tribu engendrhe par y,,s,<t.

3.2. Lhczuation de Zakai
Rappelons que nous associons au systbme de filtrage prhchdent

uris mesure de probabilit6 P0  dite de rhfhrence dhfinie par

dP - - C
~- -y = -t exp(jo h1 (s,yx )dy:- 2I ft Ih(s,y,x )Izds).

On peut alors exprimer is filtre H t f=E(f(x t)IY,) associ6 A une
fonction f mesurable borrihe A l'aide du filtre non normalis6

Pf = E0 (f(x t )L1 IYt par la formule de Kallianpur-Striebel :

Pt

Pt 2

Pest solution au sens des distributions de 114quation de Zakal:

(Z) dpt w L0 ptdt + L'ptdyt , p0 ~0

avec

in P P

Lo X2 X + 2  + X +hI t  -- - 1
0 1 i'

21 1X +h2



n-

3.2.1. Th~or~me

Soit mepI. (Z) admet au plus une solution dans nl dont
T>0

la valeur en t=0 soit donn~e dans Ho.

Preuve : Les hypothises du Th. 1.2. sont clairement satisfaites.

3.2.2. Th~orbme :Quelle que soit la mesure de probabilit6 fl, sur

5,et quel que soit 8>0, le filtre non normalis6 associ6 est
n

l'unique solution de (Z dansn OT 2
T>0

n

Preuve On va montrer que p0D est dans H 2 et p dans

n n
--- 8 ----

2 L'appartenance de p A L 2 (11;C([0,T] ;H 2

d6coule alors, d'apr~s le lemme 1.4. de [14], du fait que p
satisfait MZ (cf. Pardoux (16] otl 1'dquation MZ est 6tabiie sous
des hypotheses diff~rentes des n6tres, mais la m~me d~marche est
applicable ici). Nous alions commencer par montrer que, pour tout

n

te[0,T], p, est dans H 2 p-s..

li -- 8 - 1I1 2 Ip (EUI 2dE.
2

n

~sup I p (E. 12 (1+IE.12) 2 d.

or p t(E) - E(e tLt IY ). W'OO I pt(E)14EI(ty

En inthgrant par rapport A dP dt, on obtient
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IIIp 111 I c T E (sup L2) < +*
n o tT

2

Note Nous venons de prendre connaissance d'un article de Fujita
[8] oa un r6sultat d'unicit& est obtenu par des techniques
semblables aux n~tres, mais sous des hypotheses plus restrictives.
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Piecewise linear filtering with small observation noise

W.H. Flemingt, D. Jit, E. Pardou4

Abstract: We consider a piecewise linear filtering problem with small observation
noise. It is shown that one can construct an approximate finite dimensional filter which
uses a bunch of Kalman filters, together with a test procedure to decide which Kalman
filter to follow.

1. Introduction

The aim of this paper is to propose an approximate optimal filter for the filtering problem:

dz, =f(z) dt + dwc

dyt =h(zt) dt + edvt

where fxgI is a scalar unobserved process, {yt) is a scalar observed process, C is a "small"
parameter, (te) and (ve) are mutually independent standard Wiener processes. We as-
sume that IR = U=.li, where I,... ,l are disjoint intervals, f and h are continuous
mappings from IR into R, whose restrictions to each Ki are affine.

Roughly speaking, our result is a follows. Provided a certain "detectability hypothesis"
is satisfied, an approximate optimal filter is given by one of a set of I Kalman filters, the
decision about which Kalman filter to follow for a given period of time being taken in view
of the outputs of the I Kalman filters.

Let us sketch the general ideas on a simple example. Suppose that i 2, 1, = IL
and 12 = R+, and that:

F+z, ifz>0
AX) = FX, if z < 0

_ H+, ifz> 0Oh(z)= H_z, ifz_<O0.

We now consider the two linear filtering problems:

(1+) dzi = F+zt di + dw,
(1dy, = H+ztdt-+edvt

(4 fdzg = Fz di + dws
dy = Hzt di + cv

t Brown University, Providence, RI, USA, partially supported by NSF under grant
MCS-8121940 and by AFOSR under contracts F-49620-86C-0111 and AFOSR-86-0315.

t Universiti de Provence, F13331 Marseille and INRIA, partially supported by USACCE
under contract DAJA45-87-M-0296
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to which one associates two Kalman filters (KF+) and (KF_), with outputs (z + , R:) and

If H+H_ > 0, then h is one to one, and since e is small, we can almost deduce from
(y,,s < t} the current value of h(mg), hence of Zg. More precisely, from the results of
Picard [8],[9],[10] ( see also Katzur-Bobrovsky-Schuss [6], Bensoussan [1], Ji [5]), we know
that the conditional law of z1 , given Y = o{y,; 0 < s < t) has a small variance.

If for instance 4+ > 0 and is significantly different from zero for any 8 E [t - a, t] (in
which case the same is true for z'), the conditional law of xj given Y is almost completely
concentrated on 1i?+ (at least with probability almost one) and consequently the output
of (KF+) is very close to the conditional law of xj, given Y ( as we will see below, the
way in which (KF+) is initialized does not play a sinificant role), at least with probability
almost one.

Suppose now that H+H_ < 0. T -n we need some "detectability hypothesis". Indeed,
if f(z) a 0 and h(z) = jxj, then (.early the conditional law of zx given .F' is symmetric
with respect to 0, and cannot be reasonably approximated by the output of a Kalman
filter. Suppose moreover that IH+I # jHJ. Then, for c = 0, the quadratic variation of
dyt/dt = h(zt) tells us whether xg < 0 or zt > 0. One may then expect that for c > 0 but
small, the conditional law of z given Yj has again a small variance, and that a decision.
about which of (KF+) or (KF_) to follow might be reached by comparing tile outputs of
these two filters. Tlle proof of these facts is the crucial step in our argumentation.

Our results are illustrated by the numerical results in Fleming et all [3]. Let us insist
upon the fact that the hypothesis of a high signal-to-noise ratio is crucial for the validity
of the algorithm which we propose. Without that hypothesis, tile conditional law would
spread out over the whole real line, and probably none of the Kalman filters would give an
acceptable approximation of the conditional law. A totally different algorithm is proposed
for that situation in Pardoux-Savona [7].

Gencralisations to higher dimensional situations, as well as to the case where f and
h are nonlinear and h piecewise one to one, wil be considered elsewhere.

The paper is organised as follows. In.section 2, we formulate precisely the problem
and the assumptions, as well as some technical results which will be needed in the sequel.
Section 3,4 and 5 study in detail the case where i = 2,1, = R-, 2 = IR+, and h is not
globally one-to-one and satisfies a "detectability hypothesis". In section 6, we summa-
rize an approximate filtering procedure for the case studied in the previous sections, and
indicate the procedure in the general case.

! H i ill m m d m U
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2. Formulation of the problem and preliminary lemmas.
Let )= C(R+) x C(R+), T its Borel field, and Ve (W) = W1(t),yS(W) W2(t). Let P, be
a probability measure on (f0, .T) which is such that:

(2.1) z = z 0 + 1(z,) da + wt

(2.2) ,= h(x.) do + v,

where {wi) and {vc) are two mutually independent standard Wiener processes, x0 is a
random variable independent of {w,,v; t > 0) with E,'[ezp(cz2)] < oo for some c > 0; f
and h are continuous mappings from 11 into R, which have the following special from. We
assume that R - U!_.li, where Jr,..., I, arc closed intervals with disjoint interiors, and
the restrictions of f and h to each Ii are afline functions, i.e.

f(z)=Fj ,+fi; xEI,,l<i<I

h()=Hiz+hi; zEli,l<i<1

where
Fl,.. F,fxj,..fh9H|,... , hl,..., hi E R .

It is well known that P' exists and is unique, see e.g. Stroock-Varadhan [11]. {zg} is an
unobserved process, while {yg) is observed. We define Yt = '{y,;0 < .8< t) and seek to
compute at each time t the conditional law of :8 given Y1. Our aim is in fact to obtain an
asymptotic result, as c -. 0, concerning a finite dimentional filter to be described later.

We will assume throughout the paper that :

(HI) Hi #0; . <i <1

Let us now formulate a "detectability hypothesis" which will be assumed to hold through-
out the paper:

For any point (i,j) E (1,... ,11 2 s.t.

(H2) i 9 j and h(li) lh(I,) has a non void interior,

For i = 1,... ,1, we can consider a Kalman filtel (KF), whi,'h is the optimal filter for the
case where :

f(z) = F + f,,h(z) = Hz + h,; x E In.

The Riccati equation for the conditional covariance in (KF) reads

04= 2  i (H,R ) 2

dti C

t
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This equation has for small c a unique stable positive invariant solution, equal to:

F Fi
T- I LH i J~

Let us define K, - ( + ) sign(H,). The optimal Kalman filter associated

to the initial law N(E(zo), r-i-) is given by:

K )dz = (Fi z'+ fi) di + K,(dy - H, z' di)(KF)

zo =E(vo)

In most of the paper, we will concentrate on the case 1 = 2, in which we will assume,
without loss of generality, that :

fi = f2 = ht = h2 = 0,

1, = R-, 12 = )R+.

We will then use the notations:

L = 11,F- = F1 ,H- = Hi

I+ = 12,F+ = F2, H+ = H 2

Let us close this section with three lemmas. The proof of the first one is easy and is left
to the reader.

Lemma 2.1. Let U1 ,..., UM be ii.d. random variables, with joint law N(0, 6). Then for
any a > 0,

P (,<max ,Uk, >! a) :5 1 -( -a 2-*/2)
M_

Consequently, when 6 -, 0 and M --- o in such a way that M6 = C,

P \<max JUL. I > a_ <Me-*2126

Lemma 2.2. Let {4f, n E IV) be a sequence of i.i.d. random variables. Let 4(u) =
E[ezp(u4i)]. Suppose that 4 is finite on a neighbourhood of the origin, and that {u; 4(u) <
k) is closed for any k E f+. Call p the common mean of the fn 's. For any 0 > 0, there
exists C > 0 such that for any n E IV:

P -'4>0 <C -c .

frof: This is large deviation estimate, which can be found e.g. in Ellis [2]J3

Lemma 2.3. Let {zt,i > 0) denote the solution of(2.1). Then for any i > 0, there exists
c > 0 such that Eexp[csup,<t X] < co

roof: This is Theorem 5.7.2 in Kallianpur [5]D
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3. The case of two intervals with H+H_ < 0. First step.
We shall treat the case H+ > 0, H_ < 0 (i.e. h(z) > 0,Vz E JR) and use the notations
IHI = sup(H+, -H_), IF = sup(IF+1, IF- 1). Recall that assumption (H2) is in force. Sincewe want to decide on which side of 0 zg is, we first need to find intervals of time on which
no zero crossing takes place, at least with conditional probability almost one.Let o < a < b, M =[ ],and for I = 0, 1,-., M - 1, define:

y1 = Ya+1+1" -+.+(1

SICiO h(z.) ds
,,= V8.g.j+,)
V = V a+(I+IO - VGC+1C

Note that

Y'=s1 +Vi
Define moreover the events:

B+(a,b) = (z, > 0;a < i < b)

B_(a,b) = (z, < 0;a < i < b).
In case when there is no ambiguity, we shall simply write B+ and B.

Choose c > 0, and define :

=, {1= 'I > C; 0 <I < M - 1)

Proposition 3.1. For any co > 0, there exists k s.t. for any CE (0,Co),

P'((B+ U B_)'/C) < ke - kIc.

Ro-f: If jYcI c andJV,'f < c/2, then IS/jc > c/2, which implies that there existst E [a + le,a + (I + I)e] s.t. Ih(z,,)I > c/2 and Ix,,I _> cl = c/21HI. It follows that on
(B+ U B_)c nlCc, we must have either:

sup IW I _>
O< k<M-i

or else
sup sup IZ, - zI - ci

F<r<o-I +em2st <.+O+),
From lemma 2.1, Vro > 0, 3co > 0 s-t., VC E (0, ro),

PC 0__5_<M-1 IVC 0: - .
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Now, for a + le <P <t < a + (I + 1)r,

I:, - z81 < elF( sup lzt,) + jw, - w.1

Consequently,

{ sup sup I ,- :.I ci)

C { sup Iz,1 > )u { sup sup IW, - WG+,Ic >
0<1<b -- iAM-i a+iC<8:5+(Q+1)C

It follows readily from lemma 2.3 that there exists c2 s.t.

) ( sup Iz1 C ) <C2 C22\o<K_, - < ee-F/I

Noting that the sequence (sup+l,<j<.+(l+ 1) cw, - w+l,1;a < I < M - 1) is i.i.d., and
that :

P sup Iw, - Wo+,,I 'a = 2P(IwcI > L),
\°+1<c8<°+(1+1)C 4 4

it follows from an argument similar to the proof of Lemma 2.1 that Ve > 0, 3c3 s.t.VE. < CO,

P( su sup 1)w, - Uo+,el, c 3 C

Finally, note that Cc D {h(z,) > 2c,a <.t < b) 'l {SUPo<1<M. IVc. _< c), and from
independence,

Pc(Cc) > PQh(x,) > 2c,a <i b < )P( sup IV'lI < c)
O<K~M- 1

so that liminf.-,o Pc(C') > 00

-
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4. The case of two intervals with H+H- < 0. Second step.

We now want to show that, once we know that no sero crossing has occured on [a, b] with
probability almost one, then we know wheter (zb > 0) or {z& < 0) , with a very small
probability of error.

For that sake, let us define, with the notations introduced in the last section
I

o<<A-1;i odd

e = b a (YY+ I-y)2

O<l<Af-i; even

On Be,

G+QH+F+ 6+(I+1)c (I+t

+, (US+, - w.) d, + V+., - V'1 + H Fx duds

Z., =___. E .2 + (PI + 2-.,0,)
i odd a odd

1 _ % 21 (P2 + 2cv, ,)
Zcb- a .dIeven Ieven

where we have dropped the dependence in c, and defined:

0I1 = --' J:+( ) (.+c - w.) ds + V4 1, - V

461 =H+F+ fa+(I+I)c '+" Udd

Note that al -N(0, 2c(1 + =)),'and both sequences {at;I odd) and {al; I even) are i.i.d..
Call M, the number of odd integers in the intervals [0, M - L, and M, the number of even
integers on the same interval, and define p. = p = j"- Note that p. and p. are

both close to 2
We are going to show that:

Lemma 4.1. For any 0 and c > 0, there exists c > 0 s.t. for any e E (0,eo),

' ({IZ:- 2p.(I + - ) B+) ;_ce - €1 r

P (IZ: - 2p.(1 -I- ) nBs <ce-+ /v)f )

. . . . . . - .m mmlmmm mmm mmmm il 3
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and similar estimates hold with Z: replaced by Z:, p, by p,.

Let us first see the conclusion which can be drawn from Lemma 4.1. Suppose to fix
the ideas that H+2 > H!. Define:

c+c = C n {Z:P (2+ H+H)}

c- = c. n {Zc < P. (2+ H +H-)}

Note that C6c U Cc = C,, and c' AC!_ = 0.

Proposition 4.2. For any co > 0, there exists k s.t.

Pt (B$/ C+)5 < ke- /

and and P (B eIC c_) <5 ke- / v*"c

for any C E (0, Co).

Proof: Let us prove the first assertion. It suffices to estimate the quantity P'(B+.r'IC ).
But:

P'(Be n C+) <5P'B ((B+ U.) n Cc) +P'(B.n {IZ - 2po(l + H)1 0))

where 0 = V(H . - H 2). The desired estimate then follows from Proposition 3.1 and
Lemma 4.1.

Proof of lemma 4.1: Let us prove the first estimate. We need to estimate the following
three events (again we drop the dependence on c for notational convenience):

G I = 1 (Cr 2 - E[a 2])l > bT e,

iodd

H=(I fl z 1 > b -a
i odd

j (I Eb-a

todd

The existence of c > 0 s.t. Pc(G) < ce- lc follows from lemma 2.2. Note moreover that

1 ( :).
b 2-a YU - (H+F+)2  2

itodd \E[,,1
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Using Lemma 2.3 and the Markov inequality, we then deduce the existence of c > 0 s.t.
P(H) < ce-r/. Note that:

J C( sup Iol)( Sup I.,1)> 6I1+F+I}y { odd) TE[8,,12] 1H+F

c {sup jail> 9(/Sup ja:r.I > E-1/4}
i{ odd 61H+F+l IU IfE1 >-

Using Lemma 2.1 and Lemma 2.3, we deduce:

P'(H) <eC-e l +

The result now follows from tile three above estimates. 0

5. The case of two intervals with H+ H. < 0. Third step.
We want now to show how the decision between {zb > 0) and (zb < 0) can be made from
the outputs of the two Kalnan filters (KF+) and (KF_). For a < e < d < b, let us define
the test statistic:

L, (H+z + - Hz) dy. - (IH+x+I 2 - H-1 I2)d.

Using the representation

dy,= I, ds + d:I

where h, = E'(h(z,)/Y,) and {,v) -the innovation- is a standard Wiener process. Lc can
be rewritten in two ways

Lc =2- IH+z + - H-.z;Id as+ (H+t + - H-z;)d4+

+ - (H+z? - H.z;)(hs - H+zt) da

and also:

L( =- 2 IH+z.+ - H-zI ds + (H+,+ - H-z.) da4(5.2) " d 1 ,'

+ f (H+.=.+ - H-...)(h, - Hcs') ds

Define C9(a,e) and Cc_(a,e) as in section 4, but with the interval [a, 6] replaced by [a,e].
Define moreover:

=inf(t;t= a + Ic;t > e; ly,+ - ,iI < c) Ab
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where c is the constant which is used for the definition of the event C.
We want to estimate:

E6 j h H+ z+V ds; C+(a, e)]

as well as the same quantity with + replaced by -. We deconpose:

it -H+,+ = h. - +,+ + H+(+ -z,+)

where i+ is the conditional mean of z., given Ya, in the following filtering problem :

dze =[I(xt)l(,<, + F+zl{>.]d1-+dwt+; zO givei
(53) dyj =![h(zg){<e} + H+zs1{.>e}]dt + dt4'+; Yo = 0

Derlne , = F+z - f(z),'y, = H+z -a(),

~,~ (jt.i. W ijavAd . +1j L . )~ed <<Zi exp 9CA, dw, - JS.V.A2 dS + I f'C7, dVc SVC 72 ds , a < t < b.

Then Z, = - where P' is the initial law on (0,Y), and (w+ , (vc+ ) are mutually
independent standard Wiener process under P+.

1
dZ, =A,Zg du), + -Zt dvt, t > e; Z, = 1

dyl =-h(z) dl + dt4

It follows from the theory of filtering that

dZt = -Z,(ht+ - h, + -y,+) dvz

where Z, = E'(Z,/Y,),h + = E+(h(z,)/YI),', + = E+(-g/Y,). Clearly, if we define + -

E +(zalY,),

dZ, 2'(H+ - h,) d)

= exP (H++ - h)d,- 1 j H++-, h,12 ds

But 2, = E(Z1/Yr). It then follows from Jensen's inequality for conditional expectations
and the fact that G+C (a, e) E Y.:

E' - ~ha 12 do; C(4(a, e)) :5 2 Ec j IF+zs - I(X.)12 d;C.a )

+ EC H+. - h(..)12 da; C+(a, e))

It now follows readily from Proposition 4.2:
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Lemma 5.1. For any co > 0, there exists k s.t YC E (0, CO),

E (jH H+ - &.'2 d8;(C(a,e) n C1 (a,b)) <ke-j;11 r

and the same result holds with + replaced by -L

We need now to estimate the difference [it - z+I,e < s < 6. Note that {z+,t > e
and i+, t >. e) are solutions of the same linear filtering problem with different initial laws,
the second one being non gaussian. Let Yt = a y, - ye;e < s < t),t > e. Since Ye and
o(z.) V Yj' are conditionally independent given a(z.), for t > e,

(5.4) i+ = E+[E+(,/z.,Yj")/Y,].

Define z, = E+(z/z,Y'). z~e ' is the output of a Kalman filter. More precisely, we
have:

dz + -F+4+ dt+ 1- - .,H+(dy -e - H+4T+ dt),>e; +, -ze

dR,8 =2F+ R,, + I - c- 2(H+Rg)2,t > e; Re,, = 0.

Define Ks(t) = c-Re,gH+. It is easily seen that 3k s.t. Vt > d,

(5.5) JK+ - K+(01 < ke- ' /c .

Moreover,
d( - +  

- c-K+H+)(T+ 
- T+,) dt

(5.6) + (K+ - K+(t))(dy, - H+H- 1 di);Ht > e

x+. - = -z

Since K+H+ > 0, it follows from (5.5),(5.6) that there exists k s.t. VC > 0, Vt E [d,b],

4 - z+., _< k(I + IzI + I.,I)e- /t.

Finally, using (5.4), we obtain that E+ f; 14 - i+12 dt < ke-kit, Ve > 0 and for some k..
*Since Pc and P+ coincide on a subset of Be(a, b),

(! I( j I -j 12 d >9 ) lC +(a,b) <Pt (B' (a,b) rC+ (a,b))

+ P+(! j 4- +j+ 12 dl > 6)

It then follows:
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Lemma 5.2. For any 9,ro > 0, there exists k > 0 s.t. Ve E (0,co),

" ({j I + - +I1 ds >_) fnC(ab) <ke-k1V'

From Lemmas 5.1 and 5.2, and the analogues with + replaced by -, we deduce:

Lemma 5.3. For any , o > 0, there exists k > 0 s.t. Ve E (0,eo),

P { j h, - H+z?+12 da>e} nC'(ab) < -k/

and

P' (f!J IH -.- 12 do>9) nC (ab)) < ke.kV'c

1

Theorem 5.4. Veo > 0, 3k > 0 s.t. for any C E (0, co),

P({L,< o} n qc(a, b)) _< e - k/ %

and P'd (({Lc> o} n6" (a, b)) <5 - kl c.

The proof of the theorem relies on the following Lemma:

Lemma 5.5. Let z, = H+z+ - H.z-;3a > Os.t.Veo > 0,3ks.t. Ye (0,6o),

P ( I ds<a <e - /t
s.

Proof of Lemma 5.5 (outline): We have:

dz, =(F+ - CH._H K)z, dt + (F+ - F)H-z- di

+ (H+JK+ - H-K)[hI - H " dt + dM]

dzi =(F+ - c-H+K+)zt dt + (F+ - F)H.'TT di
+ (H+ K+ - H-_K_) d- +-z at v,

It follows from the variation of constants formula that both on C+(a, b) and on C- (a, b),

z, is the sum of three terms z, = z 1) (2) () where z1) is of order , 2) is of order
c and the third one is exponentially small. The first term is the crucial one, which solves:

dz') = (F+ - e- H K)z ') dl + (H+ K+ - HK_-) da4
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with initial data z!1) having the invariant distribution. By introducing a new time T such
that T = t - e, the required estimate reduces to a large deviations estimate for the ergodic
process in the time scale r, see e.g. Varadhan [12].D

Proof of Theorem 5.4: Let us prove the first estimate only. We now rewrite L, for the
case w E C+(a, b) as:

L. =1 j H+, + - H-.If da + (H+z + - H.z;) du

+ jIH+z+ - H-,I2ds+ j (I+= + - H_..)(. - H+X + ) da

We first show that the sum of the last two terms is nonnegative with very high probability.
Indeed, it is bounded below by:

* /Ih-K'/tdax= I H+.T+ _ H_-_;l1 dS- _ 2 1h - +=+1" ds.

For any 5 > 0,

P,'({X <a) f +(ab)) <P ({ j 1. - H+z.+12 da > } fC(a,b)

It then follows from lemma 5.3 and 5.5 provided 9 is chosen adequately that:

Pc({x < 0) nlc) < e-"%(', for some k and c small enough.

Let us now consider the first part of L. Let us define Mg = c-1/2 fz dvs. We need to
estimate the quantity Pc(M, < < M > ,/4Vc). From Lemma 5.5, it suffices to estimate
Pc(A), where

A = {M < - < M >,/4ri n(< M >,>
Using the facts that E'[exp(,MA - (A2 /2) < M >t)] = 1 and on A, if A < 0:

_Me - ( 2 /2) < M >,> [-A14\ir - AI2] < M >,> [-A/4\/ - A2 /2]ct

Now chosing A adequately we have that for any k > 0 and c small enough,

P'(A) < !- " Vc

The proof is completen
Therefore, knowing that we are on Cc, Lc is a good test statistic to decide whether

we are on C+R(a,b) or on C!(a,b), i.e.. essentially whether (z > 0,a < t )< b or {z, <
0; a < t < b). Note that Lemma 5.3 proves that z + (resp z-) is then a good estimate of
X1, d < t < b. It follows moreover from the above that the variance of the conditional law
is of the order of c.

I
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6. Summary of the procedure in the first case, and the general case.

Let us first summarize the procedure in the case studied so far of two intervals with
H+H_ < 0.

I- At each time ke, k E IV, we compute c-'[y(k+,), - y/k], and check whether or not
its absolute value exceeds a given quantity c.

2- As soon as the first test is positive over a certain time-interval, we start running
the 4,-test, possibly in a sequential way.

3- As soon as we have an answer from the 4,-test, we follow the corresponding Kalman
filter (one might continue to run the L,-test, in order to correct a possible wrong decision).

Note that before we get any answer from the tests, the estimate of z, is zero. During
a given time interval, this is not a very good estimate. But that situation seems to be
inevitable. Indeed, numerical results [3] indicate that, just after zt has crossed zero, the
conditional density has two peaks on both sides of zero, and it takes some time before one
of the peaks disappears.

The reason why we do not use the results of section 4 in order to build a test for the
choice between {zt > 0) and {Zt < 0) is that a test based on the approximation of the
quadratic variation of an approximate derivative of y, would not be very robust. Similarly
one might wish to replace the test based on the values of c-((k+1) - ?k.) for several
consecutive k's by a test using the outputs of the Kalman filters. Indeed, on can show that
the difference h(z,) - H+zt+ is always at most of the order of Vc. Unfortunately, due to
the presence of the local time term in the expression for h(xg), we were not able to get a
good enough estimate for the probability of error associated to such a test.

Let us now discuss briefly the case where H+H_ > 0, and the general situation. In
the case of two intervals, Ri. and 1+, with H+H. > 0, h(z) is one to one, and clearly no
test is needed to decide where is xg. That decision is in that case obvious from the values
of z+ and z. One might also in this case invoque the result of Picard [8].

Finally, in the general situation, we have to detect each crossing by zi of the local
maxima or minima of the function h, and choose among the several Kalman filters which
one to follow. One can either construct L,-type tests only between adjacent intervals, or
else betwen any pair of two distinct intervals, depending on the confidence one has in the
decisions previously taken. The latter obviously depends on the lengths of the various
intervals, as well as the difference between the values of adjacent IHil's. Let us finally
remark that for the case of two intervals R- and ]R+, the problem can still be solved if
H+ -.-H-, provided F+ 0 F. However the technique is different, and we do not present
it here.

Lg
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1 Filtrage aprochd pour le probli~me non 1hidaire
discrktis, avec petit bruit d'observation

1.1 Introduction

On considire le probl~me suivant:

On a un signal X solution de l'EDS

dX = b(X)dt + e~a(X)dw, X(O)(1

et on dispose de 1'observation v~rifiant

dY = h(X)dt + a'-dw2 , Y(O) = 0 (2)

oil w 1 , w 2 sont des processus de Wiener standard ind~pendants et est une
v.a. ind~pendante de w1 et wi2. Le parametre c est suppos6 petit et 0 < -y < 1

On consid~re la discr~tisation la plus simple de ces 6quations

Xk+1 = Xh + b(Xk)A&t + e'oa(Xk)Vi/-t wlk+1, Xo =(3)

!dk = h (Xk) + = -aZk(4

oii Xk, est une approximation de Xt, (ik = k~1 t), w), et fbk sont des bruits
blancs gaussiens standard ind~pendants et une v.a. ind~pendante de Wk et
fWk.

Soit {kk} le filtre optimal pour le probl~me discret, i.e.,

kk = E[XkjYj'J, Yo = (yi;=Q0, 1, - , k).

Puisque, dans le cas g6n6ral, la determination de Xk presente une grande
complexit6, on aimerait pouvoir construire une "bonne approximation" de
ce filtre r~presentant un compromis entre les couts en temps de calcul et la
pr~cision des r~sultats. Soit {Mk } une telle approximation, & pr~ciser plus
loin, au cours de ce travail. On est interes6 par la vitesse de convergence de

Mvera 54 quand -, devient "Petit". Quand At --+ 0 on doit pouvoir approcher
le probl~me de filtrage en temps continu (1 - 2).



1.2 Construction des Filtres Approchds (cas lindaire)

1.2.1 Ittude de la vitesse de convergence de l'erreur quadratique
moyenne pour quelques filtres proposds

On supposera, dans la suite, que -y = 0 et on se situe dans le cas liniaire.

On consid~re le syst~me{Xk+1 = (1 + b1~t)Xk + U'Vf t Wk+i, XO =
e 5

Syk = hk+;=fk

6tant C, maintenant, une tv.a. gaussienne.
On rappelle le fait bien connu de que, dans le cas lin~aire, 1'estimation

optimale est donn~e par des iquations de dimension finie, les 6quations du
filtre de Kalman:

X +h~pklk

Xk=(1 + bAt).kk..I + e2+h2 pl_(k - h( + b~t)Xk-... (6

-kIj (1 + bA t)2kkl + 2 k h (1 + b2tpkl). (6
+ h 2t kkkk-.

PA~ik =(1 + bAt) 2 pkk.l + 2 At (1+btPkl

Wt + ±h2pklk.1

(1 + bA t)2 2 pklk..i + a 2 At (7)
E2 + h2Atpklk...

En outre,

Pk = kk- PIk-lh

~PIk-1

C2

C2 + h2 AtPkI. 8

avec les notations:

Pk - -( k) 2  PkIk-1 E[(Xk -k I) et kk k- E[XklYoklJ

Notre but est, ne I'oublions pas, de construire un processus {Mk} qui ap-
proche{X}

2



A) On commence par determiner la covariance de Perreur de prevIsIon pkik-l

dans une situation stationnaire, ce qui est 6quivalent -k calculer la valeur sta-
tionnaire de la covariance de 1'erreur d' estimation PA; (not~e pjr), puisqu'on
passe d'une k Pautre par 1'expression (8).

Soit p, la valeur stationnaire de pklk-1.

PS=(1 + bAt)%62P. + a2At

(p+h 2AtP2 = (I1+ bAt)2 C2p. + 0,%C2At +a22tP

h2Atp2. + 1(2 - (I + bA t)262 - Or 2 h 2 At 2 lp. _ 0,2 62 At =0

P [e2 - (1I+ bA t)2 e2 
- ar2 h2At 2j + r(_, At)

7' = 2h2 At

oi (, A) ~ [[62 _ (1 + bAt) 2C2 _ c2h2 At 2]2 +4222At2] 2

=At [1(2b + b 2 At)62 + a 2h 2 &t]2 + 4a2 h2C~2}2

SAtp(C, At),

i.e.

_, At[(2b + b 2At)62 + a 2 h2Atj + Atp(C, At)
- 2h2 At

(2b + b2 At)e2 + ea2h 2 At + p (, At)
2h2

Le gain stationnaire sera done,

hp,At _hAt +

On notera OA: le gain AL linstant ik:

0 hAtpkl..l hAt
A;- 2 + h2Atpkl,..l - C2PA;

B) On consid~re un schima, qul r~sulte de (6) en rempla~ant PA: par sa valeur
stationnaire 0, ou, d'une fagon plus gin6rale, par une approximation de cette
valeur. Dans la suite, P d6signera donc soit 0. soit une approximation de 0,,
selon le cas explicit6.

On consid~re alors le processus {Mt) donn6 par l'expression

Mk+l = (1 + bAt)Mk + #(yk+1 - h(1 + bAt)Mk). (9)

On obtient ainsi,

I3



X: - Mk+1 = (I + bAt).k + Ok+I(Syk+l - h(1 + bAt).kk) - (1 + bAt)MAk
_ ~kl- h(i + bAt)Mk)

= (1 +bAt) (kk -Mk) + (k+1 -#Yl

-h(1 + bAt) (O;+ lkh - im.)

ttant donni que Ok+l + (ek+l -

kk+i - Mk+i = (I + bAt)(1 - )&i)(kk - Mk)

+Ot - 0)(yk+l - h(1 + bAt).kk),

oi i Y+1 - h(1 + bAt),kk --! Lk est I'innovation :

Evk2 = h2Pk+llk + 62.

Soit Ok - -

E[,kl- MA+)]=(1 + bAt)'(1 - h ) 2 E[(.kk _ M,) 2
1

+ 2+1 hpk+I + 10

et

e+ h2 Atp,

Xk+i - Mk+l = (1 + bAt)Xk + OJr~iWk+l - (1 + bAt)Mk

Pyk - h(1 + bAt)Mk)
= (I + bA t) (1 - hO) (Xk - Mt) + a -f,tiwA+ I

puisque yk+i = hXk,+l + fv~

= h(1 + bAt)Xk + hVtW:l+ wtk+i

-(1 +bAt)(1 -hO)(Xk -Mk:) + uvri(I - h )wAk+I

V - fk+I.

EI(Xk+l - Mk+1)'] = (1 + bAt)2 (1 - hi)'E[(Xk _ Afk) 2] + a 2 At(1 -hi2

+ 2i(12)

At4



iii) Salt 17h O - 0, et 14Pkl- -

=7~ fk+1 '

hAtpk+ Ilk _hpAt

C2 + h 2 AtPk+l,, c2 + h2 Atp, 2

hAt[cepk+llk + /& 2Atpk+lAkps _ -~ h2,tPk+llkP.J

62 + h2 A tPk+llk1[L2 + h2Atp.1

hAte 2

162 + h2 AtPk+llk]16
2 + h2A&tp, I k+1

et

14k+1 =Pk+lJk - Ps

__(1 + bA t) 2 62 Pklk-I _(1 + bA t) 2 e2 p.

62 + h2 AtPkjk-.. e62 + h2Atp,
e2(l + b,&t) 2 e2  

(k-1-P.)

[62 + h2 Atpklk~l Ir 2 + h2A&tp1I
IC 2(I + b,&t) 2 e4 A
[62 + hlz~tpk+ h2At2 +

- ~(I + b,&t) 2 c4  -~
[e2 + h2 tjk + h2 Atp,[10 + h2Atp,] I

CO

IC11'k + C2 A

o ij

CO (1 + bA t)2 eo4

Cl h 2 At (C2 + h2 A tp,)
C2 (C (2+ h 2AtP ) 2

Donc,

A =J - 6O1:2IA. (12)6 l AAk + -

Ci

Suivant un raisonnement par r~currence on trouve 1'expression:

k

Ak k-I CO O (CO)k k-I isO (13)

i=O t=O C2



D'autre part,

= 17 + (0, - 6).

C) Soit At = a , a > 0. Notre but est de faire une discussion de la vitesse
de convergence du schema (9) pour les diffkrentes valeurs de a.

On rappelle que:

= (2b + b2At)e2 + a 2 k2 At + p.(C, At)
2h

2

oil

pa(e) = [[(2b + b2At)s2 + oh 2At12 + 4 h 2t2

Donc

p. 0 (Ca

et

Alors, en supposant que &0 > 0 (i.e. la valeur initial de la covariance, P0,
est une constante ind6pendante de e), de (13) vient que

C2
Ph _ (-) Po,

oi

Co (1 + be-)2C4
- = 2 + h2 o]2 < 1, i.e. CO < c2, puisque

C2 2 +e ketp.J

A 1- Co _ [62 + h2eap. - (1 + bra)e 2 ][e2 + h 2ep. + (1 + be*) 2]
C2 [2 + h 2eap.]2

_6[h2p. - b 2 ][2 + h 2ep. + (1 + be)> 2 ]
---- >0.

162 + h 2 cap.12

D'autre part, les formules (10) et (11) donnent

6
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-f.k~ Mk02] (I- A)E[(,k Mk)2 ] + Bk+I (14)
k+ 1

i=0

oil

i-A = 1bc 21-h2

Ak+ 2 ck+2 + h 26pk+lk

Ef (Xk+l Mk+1) 21 ( A)EI(Xk - M2 + D
k+I

=(I - A)k+lE[(Xo - M0)2 ] + D j(i - A)'+1
t=O

- M[l)I =(1 A)k+lE[(Xo + M0)] (15)

oil
D ~ Td~1-hP)

1. Supposons d'abord, pour simplifier, qu'on prend comme approximation
du gain 8e, le gain stationnaire 8,, i.e. 0= , (voir le schama (9)). On diduira
par la suite les r~sultats pour d'autres approximations 0 k. priciser.

Dans ce can i

i-A = Ibc 2( ,)

(1 + be* )2 Lr4

We + h2eaps)T

7



rCo A

( 2 + h 2 capi+i

=e+ 2 C2 + h 2 eo+4  (a

= [2 + h 2 eap+lle2 + h2ap.]l2Mca

2 2

B~~+1  [k2 + h2Ea aS,+lli[= Bt+ ou B (2+ hAip.

et

2 [(1 2 r C2
1 22

=i~ A 02I~H~is, oti H,+1  CIO=() + C

et Ho est tel que E[(Xko _ Mo)2] = BHOsts2

Reprenant l'expression (14),

- Mk+k)j (I - A)E[(Xk -k) + B[(l - A) 2  0~~p

k+1

S(1-A)k+ 1 1'BI(l - A2',4
i=0

k+1

= pB(1 - AklZ(- A)'Hj (16)

Majoration de la sdrie ( i(i - A)'Hi)

[2 CI 1(j ti I avec- -- C2<1I

C2

C2 (1-I
Cilholl - (O)i+l] + C2 (1 --C2 C2



r ( - CO) 12

- c-c1 - 1ls(~)~
C2 .

CA (C+ o)C2 C Io + C - CO _ (co)+112

(C2 - CO )2  C 1cCo 1(1 + ) _
CIAO C2C2 -- C o  (C2 +1

1a(U1ii, , )2

oil

A C2 - CO
a =

, C + -CO (17)

A CO

C2
(18)

Avec ces notations,

k+1 k+1i

(- A)'H, = a2 FZ (u -.= = I(,, - '

On commence par calculer les ordres de grandeur de a et de u.

(e2 + h 2ep.)2 
- (1 + beo) 261

poh 2ea (62 + h2 ep.)

Soit Num le numdrateur de a.

Num (C2 + h &26p.)2 - (1+ bea)26 4

- (2 + h 2 rp. - (1 + bea)c 2 [,2 + h%96p, + (1 + b.O)6 2 ]

h h2 a(p. - b C2)fr2 + h 2eap. + (1 + e62

* Pour a > 1, p, - bC 2 = 0 (e), ce qui entraine Num - 0 (e*+s) et donc- h2

a = 0 (r)

9
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Quant . u, on volt rapidement que

b b2)[61 + h'c~p. + (1+ bea)C21
is = I+ (P -hT 0 W + h 2capa

= 1+0(c) et u>l1.

On peut faire la majoration suivante:

;7+- i)2

(is- ~ ~ ( r)(i- rI)

00o(i~i dx

log r isa

Donc

k+1 -1 1 HZ,(I -A)'H, a -+H
j=O - log r ua

L'expression (16) vient alors,

E[(.kk+l _ Mk+1) 2 ] :5 AsB(1 - A)k+I (a- +H)
0 ~logi is+Ho

Etant donn6 que

h2 ca+4  (p -
2) [ 2 +I 2eap. + (1+be6 2]

Ba [C2 + h2eap.]S As0(62 + h2 cap.)

is~ ~ (p ,'e 2  + h~ep (1 + bea)2

S+ ,s(C2 + h2 cap P)

2ef4(p, _ b 2 ) [62 + h2ra'p. + (1 + bc*)c 2 1

162 + h2eap,]S[Iso(C2 + hVea p.) + (p. - -I'2)e-2 + h2 rap, + (I bea) C2JJ

et

10



on obtient:

Ba
U < c et BH0, = f, - M,,)2

1. (19)
-logr T 0

Donc, Si a > 1,

E[(.kk+1 - Mk+1) 21 !5 eexp{-c(k + 1)c*-1}

et, puisque tk;+1 = (k + 1WE~,

E[-(Xk+l - Mk+l)2 J5 <cexp{-ctk+1l

*Pour a < 1, reprenant ]a formule (14), on obtient:

E[ (Xk+l -Mk+1)
21 ]o~+.B

<Bk+lc c ~kli(O2i puisque /Ij :5(< )
s=0 C C2  C2

car H<1
2 (LO k+ 1

-O ,(0)k+1B Z,(-C2~
C2 i-0 C

0C2  A
avec

B [C2 + h2ca ps]3
A C[h 2 p, be 2] [62 + h 26ap. + (I + be*) 62 1

[62 + h2 eap ]2

[E2 + h2 eaps][h2 p. - be2] [C2 + h2re'p 1 + (i + bea)C2]

0 O(e"-) puisque h 2 p, - bC2 > CC)

Donc, si a < 1,

- AIAk+l M+)2] < C64(k+1)(1-a) C4-5a =-c4k2)1a

i.e.

IEI(.kk+l - Mk+1) 2] <5 cexp{[4(1k 1 + 1)(1 - a) - a] log C



ii) Quantk 1. '6art par rapport au signal {Xk}, puisque

D ~2 12 2 ea
h2 C Ca 62 + h2rap5 ]

Ca+2 _ 2 2 + h 2
1~

162 + h 2 rap.]12 [rC+hp
C a+2 - 2 2 2 2D D 2 162 + h2 cap.] 2 for C + h psJ

A A - fh2 p. - be] [C2 + h 2 CaP. + (1+ ee 2

[62 + h2ca P.)2

for r26 + h Pp2)

[h2p. _b62][C2 + h2e'ap, + (1 + bca)6 2]

et done

* Si a > 1

E[(Xk+l -M+)] exp{-ctk+l;}E(Xo (,Y M0 ]+ ce (20)

IE[(Xk+l _ Afk+1) 2 1 :5 excp{-Ctk+IL)}E[(Xo _ Ad') 21 + CC2 -' (21)

Remarque 1.1 On peut constater que, quoique soit a > 0, lea valeurs ata-
tionnaires de E[(Xk+l _ Mk+1) 21I et E[(Xk+l _.Xk+1)2J sont de m~me ordre de
grandeur donc I'utilisation du filtre approch6 (voir le sch~ma (9)) est justifi6e.

IL. On cherche maintenant lea expressions plus g~n~rales qu'on obtient quand
on utilise une approximation du gain asymptotique 6,.

Pour la construction de cette approximation on pent proc6der de deux
mani~res:

I1.1. On utilise un d~veloppetnent 1imit6 de pz(e) pour construire une ap-
proximation p de p, et on obtient done une approximation bi de 9., par =

)zpra
62 + h2eap

Supposons que p, - P= 0 (') , m > 1, i.e. p eat une approximation de p.
d 'ordre c'.

Alors,

11



k+1

EI(.kk+1 Mk+1) 21 !5E( - Ak''i
i=0

oii, on rappelle,

i-A = (I +ben ) 2 6 4

[62 + h)ea0p]
2

Bi = C2 + h2eoa,_

[62 + h2 eap11...l][62 + h2cap]2?

le 2 + h2 Cap, J[62 + h 2caPl2P

= g itant h h2 C a 4

[62 + h2cap. ][62 + h2eap]2

Done

k+l
-Mk+1)

2] :5 ( ~~l~ cl
i=O

k+1 k+1

A+1 k+1

= 2B Z( - A)k+I-iM2 + C 2m  (1 -A)i

i=O i=0

i=O A

*Pour a > 1, en utilisant les majorations dans le paragraphe 0)1., on
obtient:

EIk+1 Mk+1)21 k+I flli( 2]H12 21
E[(X^ kA2kAE([(l - A) + CC _=

i=0

o -s~lA) k+' F,[( A) + CS~
iw I -A A

(a) si p, - > 0 , alors I - A> 1 - A donc

-[.k~ Mk+1) 21 !5 2Djio(1 - A) k+1 E( A)'H, + cc 2m

s=0



0 log r as
o~i a, us et r sont donn~s par (17).

(b) si p, - p <S 0 ,alors 1 - A < 1 - A dn

E[X+1 _ MAk+1) 21 S2p(-A)k+l E (I-A)H+C6m

2D 0( - A~+( + Ho) +c =.~
logras A

e Pour a < 1

E[(.kk+l - k+) 2  2,B (1 - (1-A) 2 Bi

_ - _____a 2m R

2;&2(1 -A)k+1 (-A) 2  A c

1-iA

Quelques calculs rapides nous donnent:

B; = [2 + h2eaps H62 + h2,6ap]2

(p - 6 )[62 + h 2 ep. + (1 + be) 2]
Ao ( 2 + h2 eap) + (P 2) b 2 2+ h~cap. + (1 + a2

B B(1 -A)
_ 1A) 2  A) A)

iA
h2ca+4  (I + bea)2 54

_162 + h 2 gap, ][6 2 + Pe6p1 [2 + h2 ,tap]2

- (I + bea)264 (1 + bc*)4s6

[62 + h 2 cap1]2  [62 + h 2 gap,] 4

162 + h2Vap,] [c2 + h2cap 2

= [2 + l&2cap 1 4 _ (I + beo)2 64 162 + h2eop]2

162 + h2 c*j, 4

14



162 + h&ef'~ 2 (e2- + h2e'aps)2 + 62(l + be'a)(e2 + /&2Lap)]

[e 2 + h 2 a PSI 3

(62 + h2 e4ap.) 2 - 62(1 + be)(62 + h2 cap)

oii (C 2 + h 2e'p.)2 _ 62(l + bL*) (6 2 + h 2 6*p)
= h 2 Lea+ 2 (2p, + V) + 2 h~ 2  - bca+4 - h2 C2 .+ 2~

> cc 40

r = 0(c,"6) , si a<1I

(1 + bea)2 64

A = - [2 + h2 eap]2

1C(2 +h h2eap]2 
- i+ be ) 2 64

VC2 + h2eap]2

[er2 + h2 cG p - (I + be*)6 2 ]1,e2 +h 2 eap + (1 + bca) 2 1
IC2 + h2LeaPI 2

Cath2p _ bL2]fr 2 + h 2e6p + (I + bea)62 1

162 + h2eap]2

ob h2 p _ beC2 < C(Ca V C

a>1
= 0(1), < I1

A [2 + h2cap.J 112 + h2 cap] 2

eA[ + d1A2  
- beV 2  k2 e~ (I + be-~)C2]

162 + h2eap]2

162 + h2eap.j jh2pD - be2] Ic2 + h2e'ap + (I + bc*)e 2]

- 0(i), >

On obtient donc lea estimations suivantes:

* si a> I 1

-P[ Mk+1) 21 e exp{-ctk+,l}+ e" 1  (22)

15



*Si ot < 1 , puisque 1 - A<

E[(.Zk+i Mk+1)'1 :! cexp[4(t-' + 1) (1 - cl) -i lJ oge) + cc 2m+4 (21

HAM.i) D'autre part,

E[(Xk+l - MA;+,)'] < 1-A)k+Et(Xo - MO)21 +

oil

e l+2 [a2 C2 + h2pP]
D -6 e2 + h2 ap 2

-A eh7. be2][C2 + h2 cap + (1 + bea)e21
(C2 + h2eap]2

C 2 [a2 e2 + h 2e)

[hp- be2Ifre2 + h2eap) + (1 + bea)C21

= {0(c), a >
o(C2-a) , a 1

donc

* si a> I 1

[EI(Xk+l -M:+,)'] : exp{-ctk:+l;}E(XO M(,)21 + CC

*si a < 1

nX, - Mk+1) 2 1 :5 exp{-ctk+-LI}E[(Xo - M0 )2 1 + cc-

C'est en fait le m6me r~sultat qui a W obtenu dans le cas de 1) utilisation du
gain stationnaire.

On explicitera, maintenant queiques expressions possibles pour l'approxi-
mation du gain, I (ou de la variance, p):

Supposons que h >O0eto>O0.
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(a) si a > 2, le d~veloppement de Taylor de p. (c) nous donne, apr~s queiques
calculs,

p(r) = 2hoe + 0 (c')

et donc
b2+ 2e*+ 0 (c 3).

Si on prend, par exemple,

1. i.e. p. -P= O(c 2 ) ,alors

E[(Xkk - M)k) 2
1 5 Cexp{-ctk- + C63 (24)

2. Ip fe-i +e si a#02 ,i.e. p. - p= 0 (VaV 63) , alors

EL(kk - Mk) 21 cexp{-ct&-} + C(C2 a-l V 5

3. p ~+b L.2 + EC- si 2 <a < 3 .e. p,-p-=0( 3 ) ,alors

Ef(-kk - Mk)2J 5 cexp{-ct-j + CC5.

(b) si 1 < a < 2, du d~veloppement limit6 de p.(c) r~sulte:

h 2

donc on peut prendre comme approximation de p. par exemple:

1. i.e., p. - P = 0 (v*) et alors

E[(kh- i.']!5C eXP{- Ctk} + CE a

2. P ME C+~C ie-, p. - p 0(r 2 V 6 2 a- I et alors

-[_A Mk) 21 eexp{-ctk} + c(63 V 6 40- 3 )

17



(c) si a = 1, le d~veloppement limit6 de p.(c) est un peu particulier:

P.(c) = ahv14 + uo2h2 c + 2borh v + 631f4 + 2h26

ce qui entrafne:

P. 4 2 '-h2 22

1.p (~j7ih ~-e~. .4 2 0(c2 ) et aors

1

et +alors , ( t lr

E[(rk Mk) 21 :5 c exp{ -ctk- + cc"

2. + L2-,-h + + ( b + )c ie .- p 0(3

(d) si 0 < a < 1, le diveloppemnent de la fonction p6,(e) devielit

P.a(r) = r2 h 26* + L0(62-*)

d'ott

Donc, si on prend p= i.e. pa - p= (L_2- a) , alors

E[-k Mk) 2 ] :5 c exp{ (4( + 1) (1 - a) - a] logcel + cc8 -'

18



11.2. On essaie maintenant de d6crire une approximation de 0. sans passer
par le diveloppemnent de p.(c).

h*(2b + b2 ea)e 2 + aGhec + M~e)
2h 2

e2 + h 2 ea (2b + bea)e2 + O21&26 + pa(c)
2h 2

ea[((2b + b 2,a. 2 + q 2 h2 ca + Pa (0)

hf262 + e-f(2b + b2 ea2)6 2 + o,2 h2 ea + p.()]

222

oti Do a[(2b + b2ea)62 + a2 h2 e. + pa(6)1

(2b + b 2 e*)e 2 + o.2 h2 ea + pe(c)

et p, (e) C(C6av )

11.2.1 Si ct> 1,
Do.2 C

puisque p. (c) = 2 Iwe + 0 (63 V C2*- 1).

Une approximation de 0. est, par exemple,

h 1

a-i

On prend donc



Puisque

C+ h2eap'

i.e., pour i4I,

helI- hi) =hea- 2 (1 hi)

ce qul donne, dans notre cas,

ha2l- =a*' ah(1 -

on obtient, en utilisant le d~veloppenient limiti de 1
1 - ayhca-l

C + 2 ca + or 3he 2a- +O c (3c-2)

d'oia
P. -P c(C' v c) et, si a> 2, p, - p>O0

Done,

i) de la formule (22), on ddduit les estimations suivantes:

- pour 1 < a <2,

EI(Xkk+l - MA,+1) 2] : eexp{-tk+1l}+ c 2l (26)

- pour a > 2,

El(.kkA+, _ Mk+r) 2 ] CeXp{-ctk+dl} + C63 (27)

ii) de la formule (20),on obtient:

[EI(Xk+l - Mk+ 1)2] exp{-ctk+ -L}E[(Xo - MO)'] + cc (28)

Remarque 1.2 Une fois encore on trouve des estimations de EI(Xkk+l -

M%+ 1)2] d'ordre inferieur ou 6gal &. celui de E{(Xk+r - Mk1)2].

Remarque 1.3 Le sch~ma correspondant aux appriximations (24) et (25)

(i.e. qui utilise le gain I = 2 + u1a ) a 'l pas d'inter~t pratique, puisque

son utilisation oblige a un calcul plus compliqu6 que celui du sch6ma qu'on
vient d'obtenir alors que l'ordre de 1'erreur associde reste le m~nie.
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11.2.2. Si c, < 1,
Do 2e2 2 21a

0 2h2e2G h2 a 2

Donc une approximation du gain station naire 0, est, par exemple,

1 +2

et on peut considdber

h~I
Le schdma (9) est alors

M+1 = (1 + bL-a)Mk + (Yk+1 h(1 + bea)Xkk)

1 (9
= 11k+1 (9

Les formules (10) et (11) deviennent:

.kk+l - Mk+l =y~ -- ~ e)k
h4e2 + h2 VOpk+ljk] Y+ ( j)~

done

E[(Xkk+l - Mk+l )2 1 = -h
2 go 2 +I&akl]

i.e.
-E(k~ Mk+ 1)2 ] = 0 (6 -a (30)

*D'autre part,

Xk+1lk+ -l~l6

Xk+1-Mk+l - Mk hys(31

21



11.2.3. Si e = 1,

Do= 
22

(2b + b2c*)63 + a 2 h2 e2 + ahv/4 +ao2h2c + 0 We)

2

ah4 + 'ch2 C.

Quand v -- 0, une approximation de 0. est, par exemple,

11

h I+ 2
1+ 4+ 2h

ou, plus simplement,

On retrouve le schema (9) et les formules (30) et (31).
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1.2.2 Conclusion

On itablit les tableaux suivants, lesquels nous donnent les vitesses de conver-
gence A6 0 de 1'erreur quadratique mayenne pour les diffi-ents filtres approch~s
qui ont fait l'objet de cet 6tude, mettant en 6vidence la dipendance de ces
filtres selon le rapport variance du bruit d'observation versus pas de temps.

*Pour o:> 1

gain du filtre approck6f estimation de l'erreur
E[(Xkk+l - Mk+1)']

9, (gain stationnaire) cc-'4
Ore C(C 2a- 7v6)

a> 2 729++iC( cfa-l V CS
6~++,0+2+ W'Al 2 &

2 < a< 3 ae2+ukg+1+b8+aLb.f CES

D'autre part, on a:

E[(Xk+l _ Mk+1) 2] < Ce- !Lt 1 + CC

e Pour a = 1

gain du filtre approchi estimation de L'erreur
__________________________ E[(YXA+l _ M'k+l)]

0. (gain stationnaire) ce-'4

u~i+ e~h2 + * CS

* Pour a + 1 ~

+ 23

2 (,
ccI



gain du flte approc&6 estimation deL'erretsr

0. k+(gain stationnaire) Cec!W(1-0) loge

D'autre part, on a:

E[(XA+i - Ik+1) 2 ] < cec~t- + cc2 -a
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1.3 Construction des Filtres Approchds (cas h linefaire)

On supposera encore que -y = 0 mais on admet maintenant que la fonction
b soit non linkaire.

Pour des raisons li6es .1 'application d'une m6thode de changement de
probabilitis, pour obtenir les estimations de 1'erreur quadratique moyenne, on
se voit oblig6 de considerer notre syst~me non lin~aire sous la forme suivante:

(XA+1 = Xk +b(Xk)At +aVAT wk+l, x 0 c

Yk+ =hXk + eVk+lY 0(2

C 6tant une v.a. de loi de probabilit6 po telle que:

J 12p() dx <oo ,po E C'.
Po

On suppose toujours que Y0 est la tribu des observations jusqu'6. 'instant
tkt

Yk = 0'0 Y11 Yk)

On veut 6tudier la "qualitV" de I'approximation

Mkj= Mk + b(Mk)At + O(Yk+1 - hMk) , Mo =mo , (33)

correspondante k. une 6tape de prevision: Xkk = E[XkIY]"

Supposons, en plus, que b est une fonction C' &. d6riv~es born~es.

Commen~ons par estimer X,, - Mk.

-kI M+ = XA + b(Xk,&t + 0V-t+ - Mk

-b(M)At- P(yk+1 - hMk)

= (Xk - Mk) + [b(XA) - b(Mk)lAt + Ovf"-twk+1

-O(hXk + - Vk+l - hMk)

-(1 - hi)(Xk - Mk) + tb(XA) - b(Mk)]At

Puisque

b(XA) = b(MA) + b'0(Xk - MA),
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cette expression devient:

XA+ I - MA+1 1 hP + '(k) A t) (Xk - Mk)
(34)

+av-A-t(W~l- G~Vk+I).

Soit At = e*, a > 0
Tel que dans la section pr&cdente (cas liniaire) on va considerer 2 situa-

tions:

I. On suppose que a > 1. Alors, en analogie avec le cas lin~aire, on prend

a At dans le schema (33), i.e.

MA+1 Mk + b(Mk) At + a-A(yk+l - hM.) , Mo = in 0 . (35)

1.1. Estimation de XA - Mk.

L'exprdssion (34) devient alors: A

XA+l - M+l =(- oh- +b'( k)At)(Xk -MA) (6

+avr~~wk+1- VA+1)

Supposons que bV est born&e, Jb'J S 4, VX. Vu que a > 1 et Xk - MA, et
wkl- vk,+1 sont ind~pendants,

E[(Xk+l - Mk+1)2j :5 (1 - oh- + CbAt)2 E[(Xk _ M1t) 2J + 2a 2 At.

Soit

I - A -_2 (1 - arh~l + Cb At)2

B = 2o' 2 At .

Avec ces notations,

E[(XA+l _ Mk+1) 2] < (1 - A)k+lE[(Xo M IO)2] + B Z:(1 -A)

Sf A~k1 'Er(Xo -M)
2 ] + B37
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Or,

A = 1-(1-0 h-A+ CAt)2

=- CAA - CbAt) (2 - ah A + CbAt)

c v

donc
B
;i= 0(f)

et (37) devient:

EX, - Mk+l) 21 :5 cexp{-c&l + c (38)

ou, plus pricisement,

E[(Xk _ Mk) 2
] :5 c(1 - A)k + CC (39)

1.2. Estimation de ki, - Mg,.

Thdor-bme 1.4 Le ac/&ma (95) virifie:

Ikk -Mk 0 O(C-*LV )

au 8ena oil

Elk:- MgkjJ : c(1 Vr -) exp{-CL} +cea V2)

'On utilisera. la notation:

*=

oil {*}k est un processus d~p~ndant de c et q ! 0, pour signifier que:

E[I*a.II : co(1 v c()) exp{-c Lk} + C20' ; CO, C1, C2 > 0

On utilisera. la notation:

pour signifier que: s)

Efj',,jJ :5 Co eXP{-CI Lk + C20-
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Preuve
Elle sera divisde en plusieures parties, utilisant des changement de pro.

babilitds, une v~rsion discrkte du Theordme de Girsanov et la d~rivation par
rapport & la condition initiale.

Changement do probabilitds.

(a) Le jI"' changement de probabilitds affectera la loi de v.

On consid&re la probabilit6 P d6finie par:

dP
=P

avec

L-' =exp{Z(-lX..i)v, - j-12

Soit

-Atk =r- U-(-hX;-l)
C C

cii Xk1I est Yk~mesurable.

Ca don ne:

Lk =exp{E(- Xi-1 )(- i, - h -,

+2 
6~

At k h2A tk
exp{-7 (h X 1 jyj - Zh X!,) + ' ,12

exp{h T2(EX..i-,y -

D'apris la v6rsion discrite du Th~or~me de Girsanov (voir l'annexe A),

sous P (probabilitd de rdfirance), w,% et Ek sont des Tk-

b.b. gaussiens ind~pendants. (P est 6quivalent A. P dans chaque
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(b) Le 2' changement de probabilit6s va affecter la Ioi de wu.

On difinit la nouvelle probabilit6 P par:

dP

dP y Ak

Rtant

A- exp{ h -t .... 1 - -iiw - [ i- _)]1

Soit

t~~~k~ tU, -- (X..l

ota Xk-.. - Mk..1 est Tk-1 -mesurable.

(On rappelle que:

At
Xk+1 - Mk+1 = 1 h-)(XA - Mk) + fb(Xk)- b(Mk)lt

Alors

Ak exp{-E~h-(Xi-..1  -1)['v+ h-(X. 1 -- M1)
c c

I 2At2

A- Lt k(~. -A

-exp{-h V D2Xi..i - MiI~b h 71 .(X- -

h 2 At k

,2i=1 I _12

A h 2 A t I.

D'apr~s la version discr~te du Th6or~me de Girsanov,

SOUS P, f~ et -LyA: sont des b.b. gauss. ind. et XA; v6rifie:

X I= ah-(X,. - Mk) + Xk + b (Xk) A t+ cuVAitfk+ I (40)
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La densitd de P par rapport k Peat LkAk donc:

V v.a.0t P-intigrable et TA;-mesurable,

_E[kbLA.AAkYkI

E[10IYkJ = k[LkAkIYkj

Or,

LkAk =exp{/z"It( Xi..iSj -h

exp{-h--- Z(Xi.1 - M,..X1 _, M _1j2)

Soit

s h T2F -IY - -jXi 1 - h- j(-. 1 - ilv
j=1 ~~ T T=E

h 2 At k

i.e.
LkAt = exp S

Mais,

Xi - A = (i - mi-1) + NbX 1i) - bm-)A

=X- - M.... + Ib(Xi) - bM-)A
At At

+aNAtui+ cIh-(X... - Mi-1) - -(ihi1

c c

=(I + oh-) (Xi... - Afi. 1) + [b(Xi..1) - bM-)A

+avA-t~i- aAt (y - I&M....)

d 'obi

=v -(Xi - M,) - - (1 + ah-A)M-.1 - i1

[bX-)- b(M1..i)J + - (' - hi1
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Donc

S ~tk h 2 At k X2 h 's(1
72 =ili--,-E x- - -i M,) (41)i

h At k

hAtk

hAt k h 2 At k M_)
62EXij- M,- 1) (y, - h~l,..1) - .--- )(X.i I

ii~1

h 2
At k h kM')

kk

+-EX- - A1,.. 1)[b(Xi.. 1 ) - bm-~
asi=1

h 2 At k hAt k h 2 At k

i=1 i=1 i= 1

ai=1 06i=1

h A _ ,12 +h 2 At kIM_12+ XiI -1* (x-, ~ -f-2- E I- Xi + (X. 1 - M 1
2 +2, 1 ~. 1

oi=1 i=1

h At A
* 2F~ii~y- hMi- 1 )

1hAt k h k- (Xi.. 1 - M,..I) [b (Xi..1) - b (M,. 1) - E(iI - A4 I) (Xi - i
06 i... ore6~

Fh
2A hAtA

hAtk
+ - (Xi- 1 - Mfi-.1)[(X - ) - bm-

oei=

6t h h2 At k
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Soit u, X= - Mi. Oni a:

i a

E~~~~ 2Zu,..(u - .i I D i - ts'-,) + I Dui - u-)
I S

Alors

SM) _ (X, 1 - M,_.1)2 1 (42)
2ari=

hAt k

ari=1

IAt k - I
2

At k'

5=1 i=1

hk)1
+ - I~xi- Mi) - (Xi-

1 
- M-

(43)

Remarquons que lea P"h1 et 4 ihne t~rmes dui second membre de cette ex-
pression sont Yok-adapt~s et disparaltront donc dans la normalisation.

Ddrivation par rapport A la condition initiale.

On considire les variables qui interviennent dans nos calculs comme des
fonctions de X0 (condition initiale) et des processus iVA et yk.

Soit 'Pk = 0 (Xe, fVk, Yk).
On veut diriver (40) et (43).
Ddfinissons alors lea processus
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Pour n > k, ZnJI v~rifie 1'expression:

n-I A
Z~k = fl (I + h At+ Atb(X,)y1

j=k c644

Zk=.

Preuve:
De (40) vierit que:

Xij= ah-(Xi - M3) + X, + b(X,)At +v1Aiv~

done
clxei t ax. ax. +ax,

ax0  x ax0  x
i.e.

=i~ (+A At+ Atb'(X))Z,
c

A ct

Par ricurrence,

i~fn-1 At
=ii,, rj (I + orh- + Atb'(X 3 )).

Pour n > k
n-i~ At

Z,,k = l( + ah- + Atb'(X)).
j=k

On a la majoration suivante:

Si V est born~e,

n-i Att
Za II (1 + arh-A - CbAt)' =(1 + oh- - CbAt) (-k (45)

i.e.
tnkJZnk !5 cexp(-C(n - k)-'-- cexp-c--.-) .
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D'autre part,

a ax axX
.- log (LkAk) =IX CC mi x 0) 1 1  ax0iI- ii)

h k ax.
oi=1 0X

- axO

h ax ax, ax

ore Eax 0  ax0  ax0
h k ax. 1x -

+- E(X,.. - M 1 ... )(--" + tWb'(Xj-1) ax0
crei=, ax0

axj+ n 1!
ax0  ax0

hAt kax.

hA
-- EZ(x,1 - iz- -

aei=1

aci= 1

Expression asymptotique pour Xk - MA

L'igalit pr&cdente nous donne:

CC k~,- - ~(Xi - Mj) Z.. 1 - -og(Lk Ak)
or= r i=1 x0

h k
CCL(i- - mi.1)(zi - 2z- -AbXOz )

aei= 1

h tk
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- i--i-)- -og(LkAi,)

(Xi- - Mi1(i- 2Zi-l. - t'X-)-,

hAtk

aei=1

hA t a
+ E6X-)- b(M.. 1 )JZ,..1 - -log(LkAik),

avec Z-.1 = 0.

Donc

k Z . Z . z . Z i -X - M k 
'- - - t 'X -1 Z

k o

+,& Fb(X-1)- b(Mi-. 1) Ijt -- ac-C7-Iog(LkAk

- E(x... - Afi-i.)[Zk-.i.. - 2Zk-1,i..l - Atb'(X- Zk,,- + Zk...,i.. 2J
i~ 1

+At j21b(Xi.. 1) - ( -I] -,i - - gLk )k-o

k

- - '.l)[(Zk..l,i- - Z li-)- (ZA..l,i - Zk..,i..1)]

+Atb(X-1)- b(M',... 1) + b'(X,-1 )(X 1 ,I - -,]-,i)
a- ca
T - Iog(LjA4)Zk-l.1 0  (46)

Or,

=(ah- + Atb'(Xi-1)) ZA;- 1,.-.1  (47)
z -l'- Zk..l,i.. 2  = (1 - l-2 kli-

1+ ah- + Atb'(X77 1

35



A At + Atb'(X,.. 2 )
rt Zk s.l Si > 2 (48)

1 + ah- + Atb'(Xi-.2)
e

donc
*Pours 2,

ohAt +Ab(i2
(Zk.1,...l~~~~~ + ahlL2  - Zk , -= O- A Ab(~ . 2

vI& + Atb'(Xi- 2)

- (oh A + Atb'(Xi-1.))Zh.,.-l

Ntsm

I o h- a + Atb'(Xi..2 ) Z-~-

oil
SAt At AtNtsm = o'/&- + "t'(X- 2 ) - (ah- + Atb'(X,.. 1))(i + oh- +Ab(,.)

At At ct +At2 ( i-
= Orh- + Atb'(Xi-.2 ) - arh- - ar2h 2 2  

-,arh~tb(j
c c

At2

- Atb'(X....) - oh-b'(X.. 1) - At2b'(X,..1)b'(Xi-2 )
r

22A t2  A t2
h2- -[b'(X,...) - b'(X 1..2)] - o'h-b'(Xi-1) + b'(X,.. 2)]

e

*Pour i,

(Z-l~ Zk..l,i-.2) - (Zk-l,i - Zk-..,i-.l) = Zk-l,o - (Zk...,l - Zk-.1,o)

= Zk-lo - (oh-A + Atb'(Xo))Z..-l,o

= (I - coh- - Atb'(Xo))Zk-.lo
e

L'galitk (46) devient:

k NumX - Mt = E i- Mi At + At(b'( j,1) + b'(X,...1)))]Zk..,i,1
i=2 I+ oh- + Atb(X,.. 2)
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+(o- Mo)(1 - crha6t Atb'(XO))Zk.. 1o - ~~log(LAk)Zk-.iO. (49)

Soit

IN h t i As m ( i 2 + A t(b '(e, 1) + b'(X ,...)) ,p o u r i > 2

1 1-cia.-- -,&tb'(X 0 ).
6r

AMors,

I-Oil 5 Pa-i , > 2

Pi1= jNumj + 2CbAt
I + a A- + A~tb'(Xi- 2)

c

= O (At v At) , dans L"et dans L'.

Soit Pt.q. :Pi 5P Vi > I
D'apr~s (45),

Z~k (1 + ahAt bt-nk

donc

~i [~X... - <p ,I+ cia- - Cbt)-(kt)E[IXi - M-Ii= 1i=2 c

+1- ca. 6! + Ca.At)(1 + a.-b - CbAt)-( 1-)
e c

.E[jXO - Moll .

Puisque

EfUX, - Mill 5 1 /E[(X, - M) 2]

< [c(1 - A)' + ee]* (voir le r6sultat (39))

on a:

k kt
, EIIX,..a. -j,.aII16jIZ~ 1~j_1 <5 C, I + iA- - e&Aty(k-i)

5=1i=2 c

.1[(I- A)-' + el
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+i- c At)"E[IXo - AfoII
c

k At
:5 p ~l+ h- -CbAt))

i=2 r

[((I - A T I+ CV/6]

+I- c At) EjJXo - Moll

= CP{61 + ahAt- -bt-ki

i=2e

(1 Atoh + CbAt)'

k A
+c6 (I+ ah- - CbAt) }

i=2c

+i- cA)k E[IXo - Moll

= cp{(1 + oh-A - CbAt)/~
v

k-i At At
E[ + oh- CbAt)(1 - ah- + CbAt)I

k-2 At
+cvr--E ± + h- - cbAt)}'

i=O 6

+I- c At) E[IXo - Moll
At kA-I At 2

:5 cp(1 + oh- CbAt)~ ~ (oh- -CbAt)

+ c 1

1 - (1 + ohA- - bt)
c

+I- c-)kEfIXo - Moll
c

At 1 - (ah- t-~)

5 cp(1 + oh- -CbAt)-k+l 6

LV (oh-t -cbAt)'

IA+toh-A - CbAt

oh- CbAt
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fc

(I + CP 62tk-lI 
CC

<~ +c P~~ expf-c 6  + A (50)

On aura besoin, une fois encore, de considerer deux cas:

*Si a > 2, on a p cc*e' et (50) devient alors:

2- = i i

done

Xk - MI, + 7 2ix-0 Iog(LkAk)Zc..,o = OC

Prenons I'esp~rance conditionnelle par rapport A Yok.
Si on montre que:

E[ lo(k=Z;,O~k 0(%/'c) (51)

alors

au sens i

Eflk~t- k~l:5CC2 aexp{(.pL} + CC13 ; C,j A > 0.

On utilise le lemnme 1.6 pour prouver ce r~sultat.

*Si a <2,on a p = 2(i et (50) devient alors:

k tic 1 a- 1

E~lj - - MiIl0lkjjj :5 cexp- C--} +C 2

done

X:-Mk + T xolg(A A)Z ~ a O~a 4

On utilise le meme raisonnement du cas pr&cdent.
Encore une fois, prenons I'espdrance conditionnelle par rapport k Y01.
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Si on montre que:

E[-log(LkAk)Zk1 ,o 0" 0 (6"*A) (52)

alors
' - =h 0

au Sens oia

Eflk Mk11:5c exp{-p-} + ce" I ; C,A >O0.

On utilise le mgme lemme pour prouver ce r~sultat.

Remarque 1.5 Pour a > 2 on a obtenu une estimation valable pour des in-
stants loin de l'instant initial. Neanmoins, on peut aussi obtenir une estimation
valable pr~s de I'instant initial:

E[I~kk - MkI] :5 cexp{-p-)k + CC; c1 A>O, (53)

puisque
k k-i At

F,~ j~ -MAfiiIIjIZklj,ji] <cp(1 + cN/i (1 +ah-- CbAt)~
i=i= C tA

+I- oh-a + CbAt) (I + ah-A - Cb At)~

.ElIXo -MoJ] car 1 -A < 1
At

1 + ah- - CbAt

-tbk

+I- C A)k ElXo - Moll

Scexp{-c- C} + CC.

Lemme 1.6
SasS a> 1.
Soit Fk tun proceasue adapti (d~fpcndant de e), diffirentiable par rapport a

X 0 (vk =01, - , K).
Alora, 8i 1e8 momenta de {jp-}k eont fins et 8i F,% = 0 (eq), pour un certain

q 0,

CI= axk
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Pour F6 1= Ice r~sultat est plus fort que (51) e (52).

Preuve
On rappelle d'abbord que:

Si g E C1 et g et clgsont des fonction inthgrables par rapport b. laaIX
mesure de Lebesgue, alors

J LgdxO=0. (55)

En particulier,

Soit 1b une v.a. diff6rentiable par rapport & Xo telle que:

EU~I (Xo)I + 1 -1] <cc0. (56)

Prenons une v~rsion Ot(z,fvk,yk) diffirentiable par rapport & z et
posons

g (X) = PO(W 0(X, f4,Yk).

Alors

Pu o)Ilrv',s4=O. (57)

On applique la formule de changement de probabilit~s,

a t[Fk- log (LkAAk)Zk..1,oLkAkIY,,fj
E[Fkj- 1og(L~tAk)Zj,-, 0 jY0 JE[kkI]

Etxk (LkAk) Z okk~k
= LkAk -

k [LtAk I Yk

k[Fk, ii- (LtAk) Zk. 1, 1 Ik
- EILkAk IY'].

Soit
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Puisque

a (Fk(LkAk)Zk.1,0) (L~)k1+ Fk, cl(LkAk)Zk...,o

on a:

k= k~ax-(Fk(LkAk)ZkI,o)Iyok1 - k[Fk(LkAk) -Z.loI o

-k[ -F±(LkA)zk-oIYOkJ
ax0

Ittant donn6 que Fk (LkAt)Zk-.1 o v~rifie la condition d'int~grabilit6 (56) on
applique (57) pour obtenir:

a FkLk1)k.l f(XO) I yk]k[ ao Fk(LkAk)Zk-.loIYf'l = -[kL~)kloP

et alors

'kk = -,[ 2(Xo)Fk(LkAk)zk-,olYok]1 [k(kk -lZ-,lo'

PO axk
-E['F(LkAk)Zk.l,OIyokJ.

Soit

k[(Lk.Ak)!?0 (XO)FkZkl,OiyOkJ A'[(LkAk)Ft a Zkl,0 YohI

Ak[LkAklYokJ t~[LkAklyok]

axk

E[LkAk IYokl

- E? o(Xo)FkZk-.lok] -E[k a -,o~k

aE Fk k-,lo (58)
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Puisqu'on avait suppos6 qu6:

J1I- (z)I 'po (T) dz < 00, Po E C1 .(9

e, de (45),

Z < (1 + ah At - CbAt)(-l

At

< cexp{-c(k - 1

CC

on a que le 11eF t~rme est d'ordre ex{c- et le Vi"m tWme est le

membre k drolte dans 1'expression (54). Alors, il nous suffit de demontrer que:

E[Fk-Zk.looI -X O(+ 1  (60)

Or, de (44), on a que:

Zk10= Zk;2,o(1 + oh-A + Atb'(X..))'l

donc, par indution, on obtient la formule g~n6rale pour la d~riv6e partielle par
rapport & la condition initiale:

Z' A rn-i) x i+ At + Atb'(X,))-1
aX0  ,=O 8"X0)- +~h

n-I ( r At
1 1 + h- + Atb'(,,) 1

1=0

E -AT-b(- (1 + at-+ Atb'(Xi))-1
ziO io

n-I Atf(I + ah- + Atb'(Xi))-1

puisque 8 =z 0Iiax 0  4i

-At'E bn(X,) 11(I + oh- + Atb'(X 1)) j( h
~I + S t+Atlx)-
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At

et~( + -Aair(d:h- +Atb'(Xj))-

0 =

- Atj IbV(Xi) (1 A+ Atb(- - -
d=O6

At A
< tb( + oh- Atbt) 1  ( +o-- b

ett

lix-OZ-01~~~ ~ ~ ~ +S At- E Cb(il~ hAt-C~)tni

At~~ji+ At (I+1 tC~)
< A~l~llloh c- CbAt)- A c

h At- - CbAt

< AtIlb"ll ar tCAt = 0 (C)

ce qui prouve (60) et tOrmine la d~monstration du lemme.

*Enfin, pour obtenir une estimation de l'erreur comise dans une 6tape de
filtrage, ii nous suffit de remarquer qu'une approximation dek= E[Xk-..lYO"]
est donnie par le schima (35), 6tant

kA.- k = EfXhkJ - E[Xk-ltYok
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-EI(b(Xk-..)At + CvrAtwkIYOfl
-AtE[b(Xk-..)IYokl

I~k -. kl cAt. (1
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A Version discrbte du th~orbme de Girsanov

Considirons une filtration (Y~,k E f{0, 1, - K).

Soient:

* {twk} un irk-bruit blanc gaussien pour la probabiliti P.

* {fpk} un processus ir1-- mesurable (i.e. privisible) tel que:

K

* {Z} I l processus d~finit par:

Zk = exp{Z 1 VW, - X1p,12 k > 1

Alors,

1. {Zk} eat une martingale discr~te.

Preuve

E[Zklfk-l1 = EZk1.. 14
Zk-I

= &&,jEexoieokw - 1I(Pkl'IIT-1l2
puisque Zk-.I est YA,--mesurable.

puisque {w~k} est un b.b. gaussien et ph est 5k- 1-mesurable.

et Zk est Yk int6grable.

On consid&re la probabilit6 P d~finie par:

ReaqeA1 dP(w) = Z(w)dP(w). (62)

Du fait que {ZA} est une martingale, vient que:

dP 
Z
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2. (Vbrsion discr~te du Th6or~me de Girsanov)

Pour I&. probabiliti P d6finie dans (62), le processus {fbk} difini par:

ff= Wk - 'k

eat un b.b. gaussien.

Preuve

On veut dimontrer que:

Siexp(Afzk)j).7] =xp 2 VA EIR

i.e.

Ef[exp(-\tk --7)17k-i1, VA EIR.

Or,

A2

A2  E~exp(Awbk - 2 )ZKI3-11
A!(exp(Awhk - -)Ilk-,] =2(formule de Beyes)

2 E[ZKI7TlI

A\2
E[exp(AwAk - A~ok - -)Zkyk-1i

2

puisque ZA est une martingale et d'apr~s la

remarque ci dessus.

22

I = E~exp[(A + Pkfrk - (A + Vok)1I.*i-.1

= I de maine qu'en 1..

1 48
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1 Introduction

The purpose of this paper is to provide numerical approximation schemes for the following
abstract stochastic differential equation

d

dut + Aut dt = jBut dYtg,

UO-- = F

where the operator A is unbounded in some separable Hilbert space H. On the other hand, the
operators (B, B2 ,.. ., Bd) are supposed bounded. The most important example of equation of
this type is provided by Zakai" equation of nonlinear filtering.

Similarly to the deterministic case, it is possible to associate a semi-group (actually a stochas-
tic semi-group, according to Skorokhod), with equation (1.1). The approach adopted here is
to build approximations of the stochastic differential equation as approximations of the corre-
sponding semi-group.

In Section 2, basic definition and properties of random linear operators and stochastic semi-
groups are presented, following Skorokhod. A general approximation theorem for stochastic
semi-groups is proved, with error estimates. This theorem can be thought of as an extension of
Theorem 2.2 in Newton [6, p.32], based itself on earlier work by Wagner and Platen [9,10], to
stochastic semi-groups. In Section 3, the existence and uniqueness theorem of [71 is completed
with an abstract regularity result. In addition, the semi-group associated with equation (1.1) is
defined. In Section 4, the following time-discretization scheme is investigated

U+1 = [Ptn+i-t. 1I.+i] n

0=

where (Pt : t > 0) is the (deterministic) semi-group generated by -A, whereas the two-
parameter semi-group (Tt' 0 < s < t) is defined by

Tt = exp Bi (I' i - Y) - 1 E Bj2 (t - s).

This is nothing but a Trotter-like product formula. with the attractive feature that the deter-
ministic and the stochastic part are decoupled. It is proved using the approximation theorem
of Section 2, that U,, approximates ut, in the L2-sense, and that the speed of convergence is of
order 0(k), where k denotes the time-step. In addition, in the context of nonlinear filtering,
it is possible to give a simple probabilistic interpretation to this time-discretization scheme,
following the approch of [3].
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2 Stochastic semi-groups

In the next two subsections, definitions are given concerning random linear operators and
stochastic semi-groups, following the work of Skorokhod [11,12]. If not explicitely stated, all the
vector spaces to be considered here are separable Hilbert spaces. Let (2, .F, P) be the underlying
probability space.

2.1 Random linear operators

Definition 2.1 A (strong) random linear operator from F into G is a linear and continuous
operator from F into L 2(f,.F; G). The set of all such operators will be denoted by £2(F, G).

Remark. Let U E C.(F,G). Then only Ux, for x E F, is defined as a G-valued random
variable. In particular, U itself is not a random variable taking values in £(F, G). However

(i) The mapping: x ,-- E(Ux) defines a linear and continuous operator from F into G, which
will be denoted by E(U), in the following way

Vx E F, E(U)x = E(Ux). (2.1)

(ii) Ini the same way, the mapping: (x, y) '- E(Ux, UY)G is a symmetric and continuous bilinear
form on F x F, which uniquely defines a linear and continuous self-adjoint operator on F,
which will be denoted by E(U*U), in the following way

Vx,y E F, (E(U'U)X, )F = E(Ux, Uy)G • (2.2)

In particular, this allows to define the following norm in £2(F, G)

IIUIIC.(F,G) = IIE(U-U)I" 2  (2.3)

(iii) More generally, let Ui E £ (F,Gi) (i = 1.2). For all C E £(G 1 ,G 2 ), the mapping:
(x,y) - E(CUIx, U2Y)G2 is a continuous bilinear form on F, x F2 , which uniquely defines
a linear and continuous operator from F to F2 , which will be denoted by E(U;CUI), in
the following way

Vx E Fl. Vy E F2 , (E(U;CU)x,y)F, = E(CU1x, U2y)G, . (2.4)

Proposition 2.2 The (deterministic) operator Ou,,u2 defined by

VC E C(GI,G 2 ). O,.u,(C) !- E(U2CU,) , (2.5)

is linear and continuous from £(G1 , G2 ) into £(F1 , F2 ).

2



PROOF. By definition

: 2 
\ 
1/2 1,2

< IlCILc(,.G2 ) IIUIIl(F 1,G) IIU211g(F2 ,G2 ) IXlF, IlF2

from which it follows that

fIOu1(,U(C)IL((F 1 ,F2) < IICIL(G,.G) IIei (IC(F,,G,) IIU2II.2(F2, 2), (2.6)

which proves the assertion. 0

Remark. It might happen that the estimate (2.6) is not tight enough. Then it can be noted
that Vx E F1 , Vy E F2

(0u,,u2(C)x,y)F = E(CUlX,U 2Y)G2

= (CE(Ul)x,E(U2)Y)G2 + E(C(U - E(U))x, (U2 - E(U2))Y)G 2

which gives

11eu ,.u (C)ll,-(F,,F2) <_ IICII.C(G,,,){ f-,(Uj)jj,:(F ,,G,) Jj(U2)11,C(F2,G)
(2.7)

+1ie, - E(U1 ),IC(F,G,) IIU2 - E(U2)L2zC(F 2,, 2)}

Definition 2.3 Let B C )F be a a-algebra. A random linear operator U E £(FG) is 5-
measurable if and only if Vx E F the G-valued random variable Ux is B-measurable.

With this definition, it is possible to apply a random linear operator to a random vector,
provided they are mutually independent. Indeed

Proposition 2.4 Let U E £2(F. G) and .4. B C F be two mutually independent a-algebras. If
U is B-measurable, then it can be extended as a linear and continuous operator from L 2(11,A; F)
into L2(Q,A V B; G). with same norm.

Remark. In addition, the mapping: x .- E(UxIA) defines a linear and continuous operator
from L2(fl,A; F) into L2 (11,A; G), which coincides with E(U).

PROOF. First, let x E L 2(fl,A; F) be simple, i.e.

n

x = Eai 1A,, with ai E F and Ai E A.
s=3



It is natural to set

UZ = Uai IA,
g--1

which gives

n

E(IUXI2) = 12E(IUadl1A,)
i=1

n

= ZE(IU I ) P(Aa)
i--I

n
:5 IIU II','-(F ,) j ai 12 P(A i) = IU 11 2 (FC E IX12 -

The same inequality holds for all x E L2 (f, A; F), by density of simple random variables.

For the reverse inequality, it is enough to remark that

sup ElUxl E Ux I U C.(FG)
o00EL2(f..A;F) EFx-I3. >  p

Proposition 2.4 allows to define the product of mutually independent random linear opera-
tors. Indeed, let U E £2(F, G) and V E £(G, H). If U and V are mutually independent, then
the product operator V U can be defined as an element of £,(F, H). Moreover

IIV UIjC2,(FH) <_ 11U11,C2(F.G)Il1V1l,C2,(GH •

The purpose of the next proposition is to prove a morphism property for the mapping:
(U1 , U 2 ) -- Ou ,u2 defined by (2.4) and (2.5).

Proposition 2.5 Let Ui E C2 (F,,Gi) and Vi E C,(Gi, Hi) (i = 1,2). Assume that (U1 ,U 2 ) and
(VI1,V 2 ) are mutually independent. Then

V1 UIA U2 = Ou,u, o Ov ,V• (2.8)

PROOF. Let C E £(HI,H 2). By definition, Vx E F1 , Vy E F2

(Oi- t,,v2 u(C)x,y)F2 
= E(CVlUlx,V2 U2y)H

= E(E(V'CV )Ulx, U2y)G2

= (E(Ue1,v,2 (C)Uj)x,y)p2

= (eU1,U2(ve,v 2(C))X,y)F

4



2.2 Stochastic semi-groups

Definition 2.6 A (strong) stochastic semi-group in H is a two-parameter family (Ut: 0 <
s t) of (strong) random linear operators in H, satisfying

(i) for all a < t < u < v, Ut and Uu' are mutually independent,

(ii) for alls < t < u, Uu = Ut Ut' .

The stochastic semi-group is strongly continuous if

(iii) Vz E H; urn EIUtt+kx - 0

Remark. The independence property (i) makes it possible to define the product operators
appearing in the semi-group property (ii).

The next Proposition gives a sufficient condition for the independence hypothesis (i) to hold.
Indeed

Proposition 2.7 If for all s < t, Ut is Yt-measurable, where the two-parameter family (Yt:
0 < s < t) of a-algebras satisfies

(iv) for all s < t < u < v ,

Yt and Yu are mutually independent,

Yt, V Y. C Y.,

then (i) holds.

Proposition 2.8 The two-parameter family (Qt : 0 < s < t) of bounded linear (deterministic)

operators in H, defined by Qt = E(Ut), is a non-homogeneous strongly continuous semi-group
in H.

Definition 2.9 A discrete stochastic semi-group in H is given by a family (U 1i : i = O, 1,...)
of random linear operators in H, such that for all j < i, U4 and Uj+1 are mutually independent.3+1
The semi-group itself is the two-parameter family (U,': 0 < I - m) defined by

rn-

By convention Urn = Urn

5



2.3 Approximation of stochastic semi-groups

The next Theorem is an extension of Theorem 2.2 in Newton [6, p.32], based itself on earlier
work by Wagner and Platen [9,10], to stochastic semi-groups.

Roughly speaking, this result says that, if the one-step error between two stochastic semi-
groups is of order O(k(r+,)/2), then the overall error will be of order O(kr/2 ), provided the
expected value of the one-step error is of order O(kr/2 +1), where the estimations are understood
in the L2-sense.

To be specific, let r: 0=t 0 <ti < ..- < ti <-< tn = T be a partition of the interval
[0, T], with mesh-size k.

Theorem 2.10 Let (Uln ; 0 < I < m) and (Vl ; 0 < I < m) be two discrete stochastic
semi-groups in H. Suppose that U 1+1 E C2(D, D) where D C H.

Suppose that the following stability estimates hold for the two discrete stochastic semi-groups

IU+11142(D.D) 5 e '+ - ) (2.9)

IIE(Ui+1 )1C(D.D) _< 1, (2.10)

and

II1'+1ICI,(H,H) e2 (2.11)

[IE(I'4i1)11,C(Ht,n) <1.(2.12)

If the following consistency estimates hold for the one-step error -i+= Ui+- Vi 1

11bs!+ IAlC,(D.H) --- o( ti+I - t i )( r+ l )/ 2  ,(2.13)

IIEI(b +l)lC(D,H) --- QI(ti+1 - t -)r/2+ 1 (2.14)

then the overall error satisfies

IUn - VnII2(D.H) = o(kr/2 )

PROOF. From the decomposition

n-I

vn = E Vn,+ (Ui+ - vi+) U,
i=O

it follows, introducing Aj i V'+' (U,+1 - li') U that

n-I n-I i-I
VU E H, EIU V 12 = EIAitiI +2- 'E(As,A).t (2.15)

i=O i=0 j=0

The rest of the proof is divided in two parts.

6



C3 Analysis of square terms

By Proposition 2.5, for all ft E D

EIA~fI~ = (Vi+1b6 1Uf2, Vi 16il t)H

=(U,.00 +,6 oE)v.+iv.+(I)fi,fi)D

Each of these three components will be studied separately, making use of Proposition 2.2 and
estimate (2.6).

" V,+ 1 E L2,(H, H) , therefore for all C E £C(H, H)

and

" bi:+, E £,2(D, H) , therefore for all C E L(H,IH)

(C)I(D,D) ,

and

~ C)j~,~ IICIIC(H,H) 1Ibi+11i1(,H 1 IK'I[(H.H) Go(t,+i -,,+

* lJi E L2(D, D) , therefore for all C E £(D, D)

and

It follows from this first analysis that for all F, E D

ElAiR12 0 ~t+ - tj)'+1 e'~~i1 A Dn~

< a~kr~l ec 2

where c! = max(,OD,7YH).

7



0 Analysis of double-product terms

Consider the following partition of the interval [0, T] build from the original partition ir, under
the assumption that j < i

0 "- to tj tj+l ti 4i+1 tn = T

Using this new partition
, i V++ U j+iu

A3 ,+V, •' V]+ u6,
i i1 +1 i j+lAj v'+' r#+1 vi+' 65+l Uj.

Therefore, by Proposition 2.5, for all tu E D

E(AI Aii)H = E(Vi+16i r rrJ .= .,.. +Ii ,,jj+ ,,,I,.i+ V'+IV? +j',)H

= (eu,,u, 0 eu,+,J+0 ObJ+I o 1+ o v+1v+I(I)flf&)D

Each of these five components will be studied separately, making use of Proposition 2.2 and
estimates (2.6), (2.7).

SV, +1 E £2(H,H) , therefore for all C E £(H,H)
0 V.+ 1, v.+ '(C) E L(H, H)

and

* IIoyd+, v,:+d (C)IIC(HJIH) < IICILh:i.( n'r, i2(H,H) < IICJIC(H,H) ei(T-+1)

* i+,I E £(D, H) and Vj'+1 E £(H, H) , therefore for all C E £(H, H)

e V.(C) E L(D,H),

and

Il6+,4(c)1,C(D,H) <5 1HIc,(Hof {OE(, 4011l.'DR) IIE(Vii+I))I'C(D,

+i1641 11VC(D.H) Ilive, - E(1'7 1,)jC2(H,H))

_< IlClI C(H,'H da(t,+ _ t,)1 /2  I

+ato(ti+ , - t )(r+1)/2(e 2 (t+-t,) _ 1)12}

<_ IICII(HH)(ti+l - tHr 2 +l{a, + aoTHe "vH(i.+1 - t ' )}

8



*i+ E C,2(D, D) and ViQ+ E C2,(H, H) ,therefore for anl C E £-(D, H)

eU)+1 V)+1(C) E £(D,H),

and

*J+ ,,(,D n j+ ~E C2(D, H) , therefore for all C E (D, H)

and

+11Uj 4.1 - E(Uj+l)11,C(D,D) V1bj+iiLC2.(D,H)}

<5 11C11.(H,H){ck1(ti+1 _-,rl+

<IICIICw',H)(tj+1 _ t,)r/ 2+'{a +, 1o3e02 (tj+1 i,)}

*U3 E C2,(D, D) , therefore for all C E C(D, D)

Ou,,u, (C) E £(D, D) ,

and

It follows from this second analysis that for all F1 E D

IE(zAiA,A 3 fA)HI : {al + akO/D e'02D ii) {a, + ao-yH e1

- -t)l21tjt,)r/ 2 +l ef2(T-t+j)e1(( 2f+I4)(ti) D fli

S {a. + c JC ek}2kr+2 ec2 T 1uf12

where c =max(OD, -YH).

9



0 Conclusion

Each of the square terms in (2.15) is of order O(k "+l) and there is n such terms. On the other
hand, each of the double-product terms in (2.15) is of order O(k?+2 ) and there is n(n - 1)/2
such terms. Therefore, for all 9 E D

lVU - V2Tli 1< r1Tk" e Inl + {(a + aoc e' 2}2T2k e r

In other words
IlUn - VnhL ,(DH) - C(T)k •

0

The rest of this paper is devoted to the application of the approximation theorem to the
time-discretization of bilinear stochastic PDE, such as Zaka! equation of nonlinear filtering.

10



3 Bilinear stochastic PDE

The purpose of this Section is to study the following abstract equation

d

dug + Aut dt = Biut dY',

(3.1)

Uo=

under the hypotheses listed below.

Hypotheses

" (Yg; t > 0) is a d-dimensional standard Wiener process, defined on an underlying proba-
bility space (fl,.Y, P). In particular, the a-algebras

Yt =_ a(Y, ; 0<a<t), Yt =or(Y,.-Y. ; s <r < t),

satisfy, for all s < t < u < v

Yt' and Yu are mutually independent,

yt1 V Y1U c Y.

" Let V and H be two separable Hilbert spaces with H identified with its dual, and V
densely and continuously included in H. I - I and 11 • 11 will denote the norm in H and V
respectively, and < •, - > the duality product between V and W".

Hypothesis [A]: The operator A E £(V,V') is an unbounded linear operator in H. In
addition, for all u E V

< Au,u > +Aul' >_ ullull'.

There is no loss in generality in assuming that A = 0, i.e.

< Au, u > > AIlu112 . (3.2)

It follows that -A generates a strongly continuous semi-group (Pt; t > 0) of bounded linear
operators in H, and

IlPtllc(H,) - 1 . (3.3)

Moreover, A has a square root A 1/ 2 given by the formula [2, p.282]

A - - 1 /2 (A + AI) - ' dA. (3.4)

For every integer r, introduce D" = D(AT/2). These spaces are all separable Hilbert spaces,

with norm .•,. It is assumed that

D(A) = D(A*) , (3.5)

11



where A* denotes the adjoint of A in £(V, V'). According to [5], this is a sufficient condition
for

D(A 11 2 ) = D(A* 1/ 2 ) = V , (3.6)

to hold.

* Hypothesis [B(O)]: The operators Bi E C(H, H) 1 < i < d, and by definition

'30 -  BilI,"(Hf) < +00. (3-7)

In the sequel, it might be needed that these operators are more regular, e.g. satisfy for

some integer r

Hypothesis (B(r)]: The operators Bi E £(D", Dt ) 1 < i < d, in which case by definition

, d = 1/2

* Finally, given any separable Hilbert space F, M 2 (0, T; F) will denote the subspace of those
elements of L2(fl x [0,T]; F) that are adapted to the filtration (Yt : 0 < t < T).

3.1 Existence, uniqueness and regularity results

The following theorem [7] proves existence and uniqueness of a solution to (3.1).

Theorem 3.1 Assume [A], [B(0)] and U E H. Then equation (3.1) has a unique solution
u E M 2 (0, T; V), which satisfies

(i) u E L2 (S7;C([O,T];H)) ,

t d t . d t
(ii) Iut12 +2 < Au, u, > ds = If&I2 + 2 (Biu., u. dY: + z B.u 2 ds

2j 11J

Moreover the following estimate holds, with 60 defined by (3.7)

Ild < ElI eao(t-") .(3.9)

With additional assumptions on both the initial condition fA and the operators Bi 1 < i < d,
the following regularity result holds for the solution of equation (3.1).

Proposition 3.2 Assume [A] and [B(0)]. Assume [B(r)] and ft E D' for some integer r. Then
the unique solution u of equation (3.1) satisfies

12
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PROOF. The proof presented here is adapted from [1]. In fact, it will be proved by induction

with respect to r, that

If [B(r)] holds and U E D",

then v -4 An*2 u is the unique solution in M2(0, T; V) of

d
dvt + Avi dt = A rT/

2 Bjut dYtg

(3.10)

vo =Ar/

and therefore satisfies

(i) v E L2 (fl;GC([0, T]; H))

I 1~ 2 +2jf < Av,v,> da = JA'1r2 +2EJt(Ar2BU., v.)dY:'

(ii) d t i=

I I +ZI l! I B, ! Idi

The assertion holds for r = 0, by Theorem 3.1.

Suppose now that it holds for a given integer r, and asume that [B(r+ 1)1 holds and ff E D+.
A fortiori -9 E Dr and also [B(r)] holds by interpolation. By induction hypothesis, it follows
that u E M2(O,T; Dr+l).

Next, define Jr (I+eA 1 2 )- and J, ( [+EA1
/

2 ). Property (3.6) implies that both
J, and J, belong to C(H, V). Therefore, J, itself belongs to each of the three spaces £(V', V'),
£C(H, H) and £(V, V), and so does A1/ 2.j, = (I - J4)/c. Now, for all v E V

A12.Av = AA'I 2 'V (3.11)

since this equality obviously holds for any v E D(A) by (3.4), D(A) is dense in V, and the
operators on both sides of (3.11) belong to C(l, V').

Define next ! A' / 2jV where v is the unique solution of (3.10). First v =
and since u E M 2 (0, T; Dr+') it follows that

e A rl/Uin M2P(0,T; H) .(3.12)

On the other hand, since A'/ 2 J6 E C(V', V'), it follows that v" satisfies

d

dv vt + A' 2 JAvt dt = Z JeA r
1

l'
2Biu g dYt '

i=l

(3.13)

Voc = A rl/2f,

=3

(i13



Using (3.11) gives
d

dve + A vdt = Y2Js' dYt',
i=1

with O4t9 ! A("+l)1 2 Biut.

Since Bi E £(Dr+l,Dr+l) for 1 < i < d, and u E M 2(0,T;D"+'), it follows that 09 E
M 2(O,T;H) and therefore J,.Oi - .0" in Al 2(0,T;H). Also v -- A(r+I) / 2g in H. It is
now easy to prove, along the lines of the proof of Theorem 1.1 in [7], that any subsequence of
(v : e > 0} is a Cauchy sequence in both A12(0, T; V) and L 2 (fl; C([0,T; H)). But in view of
(3.12) the limit has to be A(-') 2u.

Moreover the following estimate holds, with fir defined by (3.8)

E rutI _ E-usIr eI 2 (t - ) • (3.14)

3.2 Associated stochastic semi-group

Theorem 3.1 allows to define a two-parameter family (Ut : 0 < s < t) of linear operators
from H into L2(fl; H) in the following way: for all t6 E H, UtR is the value at time t of the
unique solution of equation (3.1) starting from the initial condition - at time s.

Obviously, the following properties hold

" the linear operator Ut is continuous from H into L2 (Q; H), by estimate (3.9),

" for all 6 E H , the random variable Utlii is Yt"-measurable,

" for alls<t<u , Uu=UU, (If

* for all ft E H , lim ElUt+k - "I' = 0, by property (i) of Theorem 3.1.

Therefore

Proposition 3.3 The two-parameter family (Ut : 0 < s < t) is a strongly continuous stochas-
tic semi-group in H, with first two moments

E(Uf) =Pt-. (3.15)

i IIUtI'l,H)m e20(t' (3.16)

where (Pt : t > 0) is the (deterministic) semi-group generated by -A, and '3o is defined by1 (S.7).

Again, with additional assumptions on both the initial condition U and the operators Bi
1 < i < d, more precise results are available

14
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Proposition 3.4 If (3.8) holds for some integer r, then the two-parameter family (Ut' 0 <
a < t) is a strongly continuous stochastic semi-group in D". Moreover

where #3, is defined by (3.8).

Remark. Estimates (3.16) and (3.16) are mere restatements of estimates (3.9) and (3.14) re-
spectively.

From the perturbation representation

d. t

Ut' = Ps...+ jPt , B iU,"d Y, (3.18)

the following estimates are easily derived

flu:' - E(Ut')lIIg(H,H) _ e~(' 1)1/2

(resp. JUt' - E(Ut)IfC2(DrD') <(e082 (tas) -1)1/2

using (3.3) and (3.7), (3.16) (resp. (3.8), (3.17)).



4 Some product formulas

The purpose of this Section is to propose and study time-discretization schemes for equation
(3.1).

dut + Aut dt = ZBiut dYt'
i=1

SUO = Ii.

Remark first that two operators are involved in this equation

" the unbounded operator A, with a deterministic contribution,

" the bounded operators (BI, B2, ... , Bd), with a stochastic contribution.

If only A were present (i.e. B, = B2 = ... = Bd = 0), then the associated semi-group would be
(Pt : t > 0) i.e. the semi-group generated by -A. On the other hand, if only (BI, B 2,.. ., Bd)
were present (i.e. A = 0), then the associated two-parameter semi-group would be

%Pt !_ exp ]Bi (Yi' - Y) - I F B?( S 41

Therefore, it seems natural to consider the following numerical scheme. Let r : 0 = to <
ti < .-- < ti < ... < t,, = T be a given partition of the interval [0,T], with mesh-size k. The
proposed approximation 11, of ut. - the value at time t,, of the solution to equation (3.1) - is
given by the following recursion

R,+1 = [P,.+1 -t ]

(4.2)

This is nothing but a Trotter-like product formula. A next step would be to approximate the
deterministic operator Pt,-tn by a simple and computable one, involving only the generator
-A. This is a rather standard part, for which some possible answers are

e implicit Euler scheme,

* Crank-Nicholson scheme.

In any case, some desirable properties of any discretization scheme for equation (3.1) should
include

. decoupling of the deterministic part and the (generally straightforward to deal with)
stochastic part,

16
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* (within the context of nonlinear filtering) availability of a probabilistic interpretation.

The latter issue will be discussed in detail in another paper. In concrete situations, the former
property will make the analysis of complete discretization schemes (i.e. including an additional
discretisation with respect to a "space variable") quite easy.

The analysis made in the next subsection will show that the rate of convergence of the scheme
(4.2) is of order 0(k).

Obviously, the proof of this result will rely on Theorem 2.10. Remark just that the discrete
stochastic semi-group defined by the family (Ut+ : i = 0, 1,...) already satisfies some of the
hypotheses of Theorem 2.10. To prove the needed estimates on the one-step error, one possible
approach would be to use a stochastic Taylor formula like in [6,9,10]. Such a stochastic Taylor
formula would indeed not be difficult to prove in the context of bilinear stochastic PDE, along
the lines of Theorem 2.1 in Newton [6, pp. 2 5-26]. However, it is a general situation in the
infinite-dimensional setting, that Taylor formulas (either deterministic or stochastic) do not
provide suitable schemes. In particular, they are explicit schemes, generally unstable because of
the unboundedness of the deterministic operator A.

4.1 Rate of convergence of order 0(k)

Generally speaking, if Bi E £(D',Dr) (i = 1,2,.. ,d) for some integer r, then (F' : 0 <
s < t) is a strongly continuous stochastic semi-group in DT . Moreover

E(TP) = 1, (4.3)

II'l, o. < e2- -, (4.4)

Theorem 4.1 Let u denote the unique solution of equation (3.1). If Bi E 1(D 2 ,D 2) 1 < i < d
and ft E D2 , then the rate of convergence of the discretization scheme defined by (4.2) is of order
0(k), i.e. for all ft E D 2

(Elu(t,) - I2) 112 < C-t. klii2

PROOF. Consider the two following discrete strong stochastic semi-groups defined by

uiiI'! ' v 4Vt.+ f'+ V41 4+

where

It follows from (4.3) and (4.4) respectively that

E(V5 ) = P, (4.5)

Vf' IC 2,(D2 _7 (4.6)

17



Now (3.15) and (4.5) imply
E() -0.

According to Theorem 2.10, it will be enough to get some estimates on the one-step error

4 +1 U4 1 - VA.1.

By It6 formula t
Vt = Pt-. I+ IsBi T,' d Yi

d t.

= Pt-8 + Pt-, P, Bi , dY
i=1 J.

= Pt. + + Pt, Bi V' dY, + E P. (P.-, Bi - Bi Pr.) F,.dr
i=1 i=1

By difference with (3.18)
5= UsV t- P- -AP-)V dY,'

6 tz U t  Pt-, Bi 6, dY i , _ t,(P- i-B rs

i_ i=1

Therefore, for all x E H
d t d it

EI6tXI 2 < 2 E IPt -, Bi 6,xJ2 dr + 2-E] Ipt_ (P,. Bi - Bi P,_,) q 2dr. (4.7)
i= 1i l

The next step is to get some estimate on (P Bi - Bi Pt). Since B E £(D 2 ,D 2 ) 1 < i < d,

it follows that (A Bi - Bi A) E C(D2 , H). Introducing, as usual in perturbation problems, the

operator Pt-, Bi P8 . and differentiating with respect to s, gives for all x E D 2

t
(Pt B - B Pt)x = Pt-, (A Bi - Bi A) P.x ds.

Therefore
I(Pt B - B Pt)XI _< a, t IZ12

where
ai = 11A Bi - B AILC(D2,H)

Combining (4.7), (4.4) and (4.1) gives

Ef61 2 < 2,302 Elx 2 dr + 2c 2  (r - s)2 eg(r- 3) dr 2xj]

where
(d ,)/2

Gronwall's lemma now implies that

Il6;l g(D2,H) -c " Q(t -8)
/ 2

18
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It can be seen from the proof that if (A Bi - Bi A) E £(D',H), then less regularity is
required on the data. Indeed

Theorem 4.2 Let u denote the unique solution of equation (3.1). Assume that B E £(D', D I)

1 < i < d and U E D'. If in addition

(A Bi- Bi A) E £(D',H) , (i = 1,...,d) (4.8)

then the rate of convergence of the discretization scheme defined by (4.2) is of order O(k), i.e.
for all fl E DI

(Elu(tn)- an2) 
/2 < Cat -kl .
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1. Introduction

In this paper we shall prove a result about linear, stochastic partial differential

equations and, apply it to the question of exact, finite-dimensional recursive compu-

tation of optimal filters. Let {Y(t), 0 < t < T} be an RP-valued Brownian mo-

tion. Throughout, we assume that Y is the canonical process on (f, 7, P), where

n = {f E C([0, T;1RP), f(0) = 0}, 7 is the o-algebra of Borel sets of fl w. r. t. sup

norm topology, and P is Wiener measure. On R" define the operator

A = E T+ + +()z),
ij=1 i

and assume that a(z) = [a,,3(z)j1i<,< is symmetric. We shall consider the solution

p(z, t) to the stochastic p. d. e.

p

dp(z,t) = Ap(z, t) dt + h,(z)p(z, t).Yi'(t) (1.1)

p(.,0) = 6,0(). (1.2)

Sometimes we shall write p(., tiY) to emphasize the dependence of p on Y. Suppose

that a set of linearly independent functions {02,..., ,,} C L2 (EdK) is given, and form

the random vector ="(Y) = ((#0,.,tlY)),... ,( ,P(.,tlY))) on (,YrP). Here

(#, 0) = f 0(z)o(z) dz. Our main result, Theorem 1.1, applies the stochastic calculus

of variations, or Malliavin calculus, to (1.1) in the case that A is uniformly elliptic
"prtially supported by USACCE under Contract DAJA45-87-M-0296



and all the coefficients are analytic functions. It states Lie algebraic conditions under

which the probability distribution of fi") admits a density with respect to Lebesgue

measure on ER for any n. This result is a refinement of a similar theorem proved

in Ocone[18], in which the coefficients are assumed to be only infinitely differentiable,

but the initial condition p(-, 0) is assumed to be smooth. Introducing the analyticity

condition not only allows non-smooth initial conditions, but also leads to a simpler Lie

algebraic criterion that is easier to check.

To state Theorem 1.1 we introduce the following notation. Let A denote the Lie

algebra of operators generated by A A - 1/2 h;(z) and (multiplication by) hi(.),

1 _5 i < p, using the Lie bracket [B, C] = C o B - B o C. The elements of A are all

partial differential operators with variable coefficients. For z0 E iRd, let A(zo) denote

the linear space of operators consisting of the operators of A with their coefficients

frozen at zo; thus, for example, zm' E A and z0 6 0 imply '9 E A(zo). Also, given

f E CO°(R'), {(Bf)(z0), B E A} = {(Cf)(zo), C E A(zo)}. Finally, let C1(R)

denote the space of real valued, bounded functions on Rd which are analytic at each

point of lRd and whose derivatives of all orders are bounded. Also, let Hk(1Rd) be the

Sobolev space of (integral) order k with norm E111 = i ILaf1]b.

Theorem 1.1 . Assume that

a(z) >eI 'for some e > 0 and all z E R, (1.3)

aij(.), b(-), c(.), h&,(-) E Cjw for 1 < i,j < d, 1 < k < p, (1.4)

010I

z.. E A(zo) for every multi-index a. (1.5)

Then for any t > 0, for any n, for any linearly independent set {O,... , ,} C L2(1Rd),

the probability distribution of t ') admits a density with respect to Lebesgue measure.

Section 2 of this paper gives the proof of Theorem 1.1.

Remark. Because of(1.3) and (1.4), equation (1.1)-(1.2) has a unique, adapted solution

satisfying

Ejp(t)11 dt < oo for k < -d/2 and T > 0.

Moreover, P(',t) E C([0,T; H(PA)) a. s. for all k, and p(.,t) E C-( ) for all

t > 0 a. s. These facts are proved in Pardoux[21], see especially pp.2 27 -22 8 . For this

I



reason, ( ,p(',)) is well-defined for any 0 6 Uh<oHA(Rd). The reasoning used to

prove Theorem 1.1 can easily be extended to show that the theorem is still true if the

condition f ,. ) C L 2 (Id) is replaced by . ) C H'(lRd) for any k < 0.

We can apply Theorem 1.1 to the nonlinear filtering problem

dX() = b(X(t)) dt + .(X(t)) dW(t), X(O) = (1.6)

dY(t) = h(X())dt + dB(), Y(o) = 0 (1.7)

where W and B are, respectively, IR and IRP-valued Brownian motions, X(t) evolves

in Rd, and Y(t) evolves in RP. Let a(z) = coT(x). In compliance with (1.3) and (1.4),

we shall assume

a(r) > el, and ai , bi,, hi E C"'. (1.8)

Let p(., tIY) denote the solution to
P

dp(Z, t) = Aop(, ) dt + hj()p(x, t dY'(i) (1.9)
1

aA.,0) = 0

where Aou(x) = 1/2 F, 0, -(a,()u(x)) - E ,(bj,)u()). p(', iY) is an unnor-

rnawlied conditional density of X(t) given the sigma algebra ,' - ,{Y(s), a < t}. In

(1.6)-(1.7) Y is not a Brownian motion, but the measure induced by Y on 11 is abso-

lutely continuous with respect to Wiener measure. Hence the conclusion of Theorem

1.1 will not be affected when we apply it to (1.9).

Recently there has been interest in determining when conditional statistics, such as

(4,p(-, t)), do or do not admit finite dimensional, recursive realizations, and Theorem

1.1 has implications for this question. We shall say that the collection of statistics

{(O,,p(-,t)), 1 <_ i < oo} admits a finite dimensional, regular sufficient statistic a, if

a: 0 --, M is a measurable map into a finite dimensional, C'-manifold, such that, for

each i, there is a 9, E CI(M; R) with

(0j,,p(',t)) = 9,(a) a.,.

Let

,(.,IlY) = PI fY)
f P(Z, IY) da



denote the normalized conditional density of X(t) given F. We shall say that

{ { , .,t ) ,1 <_ i < 0 o , t > 0 1

admits a finite dimensional, regular, recursive, sufficient statistic if for each i there is a

Oi E CI(M; R) with (0j, r(-, t)) = O(a(t)) where

p
da(t) = f(a(t)) dt + g ,(a(t)) dY'(t) (1.10)

I

for some C'-vector fields f and g,, 1 < i: p on M.

Corollary 1.2. Assume (1.8) and let A be the Lie algebra generated by AO - , h;

and hl,..., hp. MA satisfies (1.5), there is no countably infinite, linearly independent

set {€,, 1 _< <o0} C L(R') such that either {(*,, p(', t)), 1 < i < o} admits a finite

dimensional, regular sufficient statistic for anyt > 0, or {(Olr(., t)), 1 i < co, t > 0}

admits a finite dimensional, regular, recursive sufficient statistic.

Proof. The conclusion concerning {(Oi, 7r(., t)), 1 _5 i < 0o, t > 0} follows from that

about {(b.,p(-,t)), 1 < i < 0o} by the identity

p(., tIY) = 7r(., t1Y) exp[fJ his() dY'(s) - 1/2 Ih(,)12 da].

where .i(s) = f h(z)w(z, t) dz. To prove the result about {(Oi,,p(',t)), 1 < i < 00},

let us assume that a finite dimensional, regular statistic exists and derive a contra-

diction to Theorem 1.1. Existence of such an a implies that for any n, *1() -

((O1 ,P(-,t)),... ,(,,p(',t))) = (01 (a),...,9n(a)). However, because the 09 are differ-

entiable, if n > dimM, the Lebesgue outer measure in E" of {(81 (),...,O(m)) m E

M} is zero. Thus *( ") can not admit a probability density in contradiction to Theorem
1.1.

A simple example in which (1.3)-(1.5) hold is A = h(c) = cosnz, and

zo $ {nr, (2n + 1)r/2, nE Z}.

Recently, both Lie algebraic techniques and the Malliavin calculus have been in-

creasingly used in nonlinear filtering theory, and we wish to compare these applications

with Corollary 1.2. Brockett and Clark[4] and Mitter[6 introduced Lie algebraic and



geometric methods into filtering with the insight that, in formal analogy to realization

theory in differential geometric control, existence of finite dimensional, recursive filters

should impose restrictions on the structure of A. This inspired a lot of work into the

classification of the algebras A associated to filtering problems and into using algebraic

properties to seek finite dimensionally computable optimal filters. A nice survey of

this effort and related topics may be found in Marcus[13]. Also, Chaleyat-Maurel and

Michel[61 and, independently, Hijab[10] rigorously developed the original suggestions of

Brockett, Clark, and Mitter. For example, in [6] Chaleyat-Maurel and Michel introduce

the following notion of universal finite dimensional computability, which we describe

only roughly and in modified form. {p(.,t), t > 0} (or {w(., t),t > 0}) is universally

FDC with respect to a class of infinitely differentiable test functions S if there is a

system (1.10) with Cm-vector fields such that for every 4 E S there is a 0 E C**(M)

with 0(a(t)) = (0,p(.,t)) (O(a(t)) = (0,,ir(.,t))). By comparing the It6 derivatives of

0(a(t)) and (4, p(-, t)) at t = 0, one can derive a relationship between A and the Lie

algebra of vector fields on M generated by f, 21,... , gp, as long as S is large enough.

For an appropriate choice of S, say all infinitely differentiable 4 so that (4, p(., t)) and

all its Ito derivatives make sense, it is shown in [6] that dimA(zo) _5 dimM. By way

of contrast, Corollary 1.2 draws inferences about finite dimensional computability from

existence of probability densities for *I") for any n. This is apriori a much stronger

property and requires the stronger condition (1.5) on A(zo). However, we are able to

weaken the differentiability requirements on 0 and in the definition of finite dimensional

computability.

Other applications of Malliavin calculus to filtering may be found in the work of

Michel[14], Bismut and Michel[2], Ferreyra[8], and Kusuoka and Stroock[11]. These

authors study the existence and smoothness of p(m, t) as a function of z. That is, they

determine when the unnormalized conditional distribution, as a random measure on

Rd, admits a smooth density p(z, t). In this paper, we are using Malliavin's calculus

to study the measure induced on a function space by the solution of Zakai's equation.

On the other hand, our work is related to that of Chaleyat-Mauel[5], who studies

continuity of nonlinear filters using Malliavin calculus. She gives conditions under

which conditional statistics are in the Sobolev spaces on Wiener space, but does not

I



analyze the Malliavin covariance matrix as we do here.

2. Proof of Theorem 1.1.

Our proof relies heavily on the analysis of [181, which we shall use without repeating

proofs. For simplicity of calculation, we assume throughout that p = 1.

We first need to define the gradient operator D on Wiener functionals. Let F E

L2(fl, p). It admits an It6-Wiener expansion

F E fi 0 Y" ,

k=O

where each fb E L2([o, T]k), which is the subspace of symmetric functions in L2([0, T]j ),

and where fl, E Yh is the multiple Wiener integral

fb 0 Yk = ...jfTI(t t) dY(i) .dY(k).

Let 2D1 ,2 denote the set of F E L2(11, P) satisfying

k(.')Illfk L, < 00. (2.1)

If F E Z)1,2 we may define

DaF(Y) = Zk.,(...,) e YA., 0 < < T, (2.2)

where f(...g, ) is the element of L2 ([0, T] - 1) obtained by fixing the last variable at i.

Because of (2.1), the series on the right hand side converges in L2 (fl x (0, T], P x m),

where m denotes Lebesgue measure on [0, TI, and thus DoF(Y) is well defined up to

sets of P x m-measure zero. In fact,
0T

E~(.)2 di] =f11E[ (D,.) k, (k:)llY l2',
1

Next, given F = ('F,... F,) E (D, 2 ),, we defne the Malliavin covaiance matrix

of F:

VTFVF = [0 DF'DF' dsj<,j_<,. (2.3)

Let P o F -1 denote the probability distribution of F; for a Borel set A C R", P o

F-I(A) = P(P E A). The Malliavin covariance matrix is used to study the regularity

properties of P o F - 1. For example, Bouleau and Hirsch[3] prove the following result.



Proposition 2.1. Suppose that F E (DI'2 )n and

VTFVF > 0 a.j. (2.4)

Then P o F-I is absolutely continuous with respect to Lebesgue measure on R".

Proposition 2.1 presents the simplest application of the Malliavin cov=-iance ma-

trix. The theory of the Malliavin calculus shows that moment bounds on the inverse

of VTFVF imply smoothness properties of the density d(P o F - I )/dz. For an in-

troduction to the complete theory and its applications, see Ocone[20] or Michel and

Pardoux(15].

We shall use Proposition 2.1 with F = 4k") to prove Theorem 1.1. Notice that 4(")

is adapted to o{Y(a), s 5 t}. Therefore, we may replace T by t in (2.3) in discussing

, and so for the rest of the argument we assume T = t.

Before continuing, we note that it suffices to consider operators A in (1.1) of the

form that appear in Zakai's equation (1.9) modulo a potential term:

Au(m) = E -83- (010 T(a),, U(- _ 1:a(b(z)U(z)) - c(z)u(z) (2.5)

where o(z) : J --, )Rdxd. This is possible because for any a(z) = [ai,j(z)] satisfying

(1.3) and (1.4) there is a 0(z) E Cb' satisfying a(z) = 0 0 T(z). For example, following

Friedman[91, pp. 128-129, we may take o(z) = (1/2r) fr V'i(a(z) - zI)-' dz, where r

is a simple closed curve in Rz > 0 containing all the eigenvalues of a(z) for all z E JR.

Thus, by suitably choosing b and c we can transform any operator of the form in (1.1)

to the form in (2.5). The advantage of (2.5) is that A + c is the forward generator of

the diffusion associated to

dX(t) = b(X(t)) dt + o'(X(t)) dW(t), (2.6)

and we can then represent the solution to (1.1) with the Kallianpur-Striebel formula

from nonlinear filtering. Suppose that W, and hence X are defined on a second prob-

ability space (W3, P, Q). Extend W, X, and the canonical process Y on (01, P) to

the product probability space (fl x (I',Y x P,P x Q) by W(w,w')(t) = W(w')(t),

!-



Y(,,,,')( = Y(w)(t), etc. Let Eq denote expectation with respect to Q on nl,, let

X,,(t) be the solution of (2.6) with X..(O) = co and set

L(Y t) = exp[f h(X..(,)) dY(,) - 1/2 fa h(X..(S))2 d l

= exp[h(X..(t))Y(t) - Y(s)h'(x..(j))dX..(s)1fe
-1/2 j[h(X..(s))' + Y(s)tr(a(X..())h"(X..(a)))ds

Let p(',tY) solve (1.1)-(1.2) with A given by (2.5). Then the Kallianpur-Striebel

formula, modified by the potential c gives

(# ,p(.,tlY))=Eq[(X..(t))e-f- c(X-o(°)) °e(Y t)] for P a. e.Y. (2.7)

(2.7) is proved in Pardoux[21] with c = 0, and the method extends easily to non-zero

c. The right hand side of (2.7) is well defined for every Y E fl, and we always use this

particular version of (0, p(., tIY)).

We are now in a position to calculate the gradient of (4,p(.,tIY)) using some

nonlinear fltering theory.

Lemma 2.2. Under the assumptions (1.4), if 0 E L2(lRd), (,p(.,tlY)) E ID" 2

and D,(4,p(.,tlY)) = 1[oJl(u)EQO((X.,(t))h(X.o(u))exp{- f c(X.o(a))da}L(Y, t)1.

It follows that

[D,(0, p(., tjY))] 2 du = Eq[O(X.,(t))h(X..(u))e- f c(X'*(a))deL(Yt)]' du.

(2.8)

Proof. By Theorem 3.1 in (17] (q,p(.,tIY)) = f&E 0 Y, , where

/,,t,,..,,,)= .EQ [O(X.o(t))e- 4' c('o('))" hCX.o (t,)) ... h(X..(t,))].

We shall show that (4,p(.,tIY)) E D"'2 by verifying (2.1). If E L2(IR'), Cauchy-

Schwart implies EqI,(X.(t))I _< jIIjlLIq(t)IIl where (z, t) is the density of X.o(t).

However, q(x, t) solves

q 1/2X 8 2  ('()q)- (b,() .,0) -.
Iid



and, by the analysis of Pardoux[21], pp 227-228, Ilq(t)l, <00 for t > 0. Thus, if

M = sup. Ic(z) and K = sup. lh(z)l,

(k!)2

It follows esily that (,,p(',tIY)) E D12.
Next, by (2.2), D.(, p(.,,tlY)) = [g,(...,u) Y"' for u < t, whene

g,(t,..., t&.,,is) = Eq [4i(X.o.(t))e- fo <X()) "h(X.o (ii))... h(X..o(t,.))h(X.o(,u))].

By again applying Theorem 3.1 in [17], this time in reverse, we use these expressions

for gi to get the result of the Lemma.

We shall next represent the integrand of (2.8) in terms of an inner product between

p and the solution of a backward stochastic p. d. e. adjoint to (1.1). This will then put

us exactly in the situation of [181, and we will introduce a lemma from [18] to complete

the proof Let

V(Z,'rIY, ) =
Eq [4 (X.t)),- f" <x.o(.),.+f"' h(X.o(.)) ,Y(.)-,/2 f" h'(X.o(.)), da X.o(,) = z].

Following the analysis of Pardoux[21], Chapter I,

-(z, rIY, 4) = e-h(s)()(z, lY, 4) (2.9)

where

5;u(z,rIY,O) = -(A')'u(z,rIY,O) < i(2.10)
U(Xt)= ()h.Y,

and (4). is the formal adjoint of AY - e -()Y(")[A- 1/2h2 l]re()Y(-). ((2.9)-(2.10) is

the robust form of what appears in Pardoux[21], except that in [201 there is no potential

c.) Now from the Markov property of X..

Eq [O(X.o(t))e fo -o('))h(X.o(r))L(Y, t)] = ((., rAY, ), h(.)p., nY)).

Thus by (2.8), VT(4, p(., iY))V(Op(., tY)) = fO' (v(',"lY, ), h(.)p(.,lY)) 2 dr. This

is precisely the type of formula encountered in the analysis in Ocone[18] which was

applied to (1.1) without the added assumption of analyticity. The analysis leading to

Lemma 4.18 in (18] may be repeated with only very minor modification to obtain,



Lemma 2.3. There is a set A( C fl with P(A') = 0, such that for every Y E A(c and

every non-sero 4 E l(Id),

(v(., rIY, ,), h(.)p(.,rIY)) 1 dr = 0

implies (v(.,rIY, 0),Cp(.,rIY)) = 0 for 0 < r < t for every C E A.

Remark. The proof of Lemma 2.2 involves repeatedly differentiating the integrand with

respect to r. Care must be excercised since v(., nY, 4.) is adapted to the future and

p(., t1Y) to the past of Y.

Proof of Theorem 1.1. By Proposition 2.1 it suffices to show that VTONV.6(n) > 0

a. s., where 4(n) = {(-01,p(-,)),... ,(On,,p(.,t))}. Equivalently, we must show that

TVT,(t)V,(R)C> 0, for all non-zero C 1", a. .

However, since 4TVT74()V"()C = VT(F,," 6,,', p,))V( ,<,p(,t)), it is enough

to show

VT(O,(.,tjY))V(, .,tjY)) > 0 V 4 E L 2 (R 4 ), 4. #0 and V YE A/V" , (2.11)

where A( is the set found in Lemma 2.2, because P(A/f) = 0. Suppose to the contrary

that for some 4 : 0 and some Y E A/e, VT(,O,p(.,tjY))V(qs,p(.,tjY)) = 0. Then by

Lemmas 2.2 and 2.3, (v(.,rjY, 0),Cp(.,rY)) = 0, 0 <" < t, for all C E A. Recall that

p(.,rIY) E Hk(R') for all k. Similarly, by applying the analysis of Pardoux[21], pp.

227-228, to the equation (2.10) for u, one finds that v(.,rY,O) E H"(lRd) for all k.

Therefore, we may integrate by parts to find that (Cv(.,rjY, 0),p(.,rY)), 0 < r < t,

for all C E A. Taking r 1 0 and using (1.2), Cv(zo,oY, 0) = 0 for every C A% ,

where A:. is the space of operators formed by freezing the coefficients of the operators

in A* = {C", C E A) at z0. It is clear that if A has property (1.5), then so does A*.

Hence

4 . Z9 01( ,0, 4) = 0 for all multi-indices a. (2.12)

By applying Theorem 6.2, p. 221, in Eidel'man[7] to (2.10), one finds that v(., 01Y, 4) E
Cl'. Hence (2.12) implies that v(.,OIY, 0) = 0 and hence u(., ', ) =0 . But u satisfies

the backward parabolic p. d. e. (2.10), and (Ay)" is uniformly elliptic because of (1.3).

I



Theorem 11.1 of Bardos and Tatarf 1] on backward uniqueness of evolution equations

therefore applies and shows that u(z, tIY, 4') = 0;(z)e"(8)Y(') =_0 also. This contradicts

the initial assumption that 4. #0, and completes the proof.
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